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Abstract

Microstructure-sensitive prediction of elastoplastic response remains a recurring
bottleneck in multiscale damage and fatigue modeling, where large ensembles of
statistically distinct polycrystals are required to quantify variability and extreme-
value behavior. In this work, we develop a multitask graph neural network (GNN)
surrogate that maps dual-phase ferrite–martensite polycrystal microstructures
to Statistical Volume Element (SVE)-level elastoplastic quantities of interest.
Each SVE is represented as a grain-adjacency graph, with node features encoding
phase, geometry, and crystallographic orientation, and edge features encoding
relative misorientation. A message-passing graph convolution generates node
embeddings, which are pooled into a graph representation and passed to a mul-
titask regression head that jointly predicts 10 scalar QoIs and vector-valued
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stress–strain responses in orthogonal loading directions across multiple marten-
site volume fractions and SVE sizes. Results show high accuracy for scalar QoIs
and strong agreement for full stress–strain trajectories, with population envelopes
reproducing both median behavior and finite-SVE variability across compositions
and partition scales. A unified model trained on pooled volume-fraction data
preserves most within-regime accuracy relative to regime-specific models while
also capturing the broader cross-regime variation reflected in the pooled test
set. Distributional comparisons further demonstrate that the surrogate preserves
heterogeneity under SVE partitioning, enabling statistically consistent block-
wise random-field construction for mesoscale analyses. Overall, the proposed
grain-graph surrogate provides a practical pathway to accelerate ensemble-based
studies of constitutive variability relevant to crack nucleation and early-stage
damage.

Keywords: Graph neural networks, Polycrystals, Crystal plasticity, Statistical volume
elements, Elastoplastic response, Multitask learning

1 Introduction

Polycrystalline metals exhibit a strong microstructure-sensitive elastoplastic response

where grain morphology, crystallographic texture, and phase topology jointly shape

the onset of yielding, the evolution of hardening, and the directional character of the

apparent stiffness. This sensitivity is central to multiscale modeling workflows where

macroscopic predictions must reflect not only mean constitutive behavior but also

variability, tails of distributions, and spatially localized hot spots that drive early-stage

damage. In practice, these requirements lead to ensemble computations over many

statistically distinct microstructures, and the cost of repeated high-fidelity simulations

becomes the dominant bottleneck.

Computational homogenization formalizes this scale-bridging task through the use

of Representative Volume Element (RVE), which provides an effective representa-

tion of the material’s behavior once scale separation is achieved [1–4]. However, in

many applications, the relevant domain is not sufficiently large to reach an RVE

limit, the RVE size can be prohibitively large (particularly for nonlinear properties),

or the RVE may not exist in a strict sense for certain responses such as softening
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and post-peak behavior [5–9]. These limitations motivate Statistical Volume Elements

(SVEs), which provide a continuum description via apparent properties that retain

finite-size variability and directional dependence [10–14]. From an engineering stand-

point, SVEs offer a controllable compromise: one can trade computational cost against

the degree of heterogeneity preserved, while still maintaining a consistent mapping

from microstructure to homogenized quantities across the sizes at which variability

remains non-negligible [15–17]. Most importantly, by resulting in an inhomogeneous

and random coarse-grained representation of the material microstructure, they can

systematically relate material aleatory uncertainties to the distribution of macroscopic

Quantities of Interest (QoIs). This propagation of statistics across scales cannot be

achieved by using RVEs.

A common route to SVE-based mesoscale modeling is the moving-window method,

where local apparent properties are obtained by partitioning a larger microstructural

domain into a hierarchy of windows [18–22]. This construction naturally supports

random-field descriptions of constitutive parameters, which are essential when spatial

variability governs macroscopic failure patterns. For example, the ability to resolve

intermediate-scale variability (below the RVE limit but above the grain scale) can

strongly influence predicted crack paths and failure statistics [9, 15, 23]. For poly-

crystalline metals, the same logic applies to constitutive variability relevant to crack

nucleation, where local yielding and hardening fluctuations can matter even when

global averages appear well converged.

Despite their modeling value, SVEs impose a substantial computational burden

when evaluated using full-field crystal plasticity. Crystal Plasticity Finite Element

Method (CPFEM) simulations remain a standard tool for resolving grain-scale

anisotropy and heterogeneous slip, but they are expensive in multi-phase settings

and in regimes where large ensembles are required [24, 25]. Moreover, the SVE size

needed for plastic descriptors can be substantially larger than that needed for elastic
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descriptors, implying that the most informative statistics are often the most costly

to obtain [17]. This creates a practical gap for multiscale studies that require (i)

many SVEs per microstructure for block-wise random-field construction, (ii) many

microstructures per material state for uncertainty quantification, and (iii) nonlinear

response.

Surrogate modeling has therefore become an active strategy to accelerate

microstructure-property linkages. Classical reduced-order and data-driven homoge-

nization frameworks have demonstrated that nonlinear effective response can be

learned from micromechanical simulations when suitable microstructural descrip-

tors are available [26, 27]. Machine learning has also been used to boost nonlinear

homogenization by coupling data-driven components with established homogeniza-

tion formalisms [28]. More recently, deep learning has been used to approximate

crystal plasticity response and related field mappings, including approaches that tar-

get CPFEM-based predictions or embed learned constitutive components into finite

element workflows [29–32]. Neural operator formulations further extend this line of

work by learning mappings between function spaces for stress or field prediction,

with recent efforts introducing physics-aware constraints, such as preserving equi-

librium [33]. While these developments are promising, microstructure representation

remains a recurring challenge: image/voxel-based encodings can be data-intensive and

resolution-tied, and they struggle to accommodate variable numbers of grains across

SVE sizes without careful architectural choices.

Graph representations provide a principled alternative because they match the

discrete topology of polycrystals. In geometric deep learning, graphs provide a

native representation for irregular domains and their relational structure [34–36]. For

polycrystalline microstructures, grains can be treated as nodes and grain-boundary

neighborhoods as edges, enabling the encoding of crystallographic state at the node
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level and misorientation-driven interactions at the edge level. Graph-based GNN sur-

rogates have also demonstrated accurate homogenization in composite microstructures

using unstructured topology-derived graphs, including prediction of tensorial stiffness

and strength measures across diverse configurations [37]. This representation supports

size variability (different grain counts per SVE), preserves physical interpretability, and

allows message passing to model short-range mechanisms that dominate heterogeneous

response. Recent mechanics-focused studies have further demonstrated the utility of

GNNs for material structure-property prediction across diverse settings, including

microstructure-informed elasticity and polycrystal-related tasks [38–41]. Graph-based

learning has also been explored in fatigue response predictions, where localized values

are of primary interest, thereby reinforcing the suitability of grain graphs for captur-

ing rare yet consequential response modes [42]. In addition, open software ecosystems

for graph learning and scientific GNN training reduce barriers to scalable surrogate

deployment [43–45].

In this work, we develop a deterministic multitask graph neural network surro-

gate for predicting SVE-level elastoplastic responses in dual-phase polycrystals. Each

SVE is represented as a grain-adjacency graph with node features encoding phase,

geometry, and crystallographic orientation, and with edge features encoding relative

misorientation. The surrogate learns a shared microstructure embedding via Princi-

pal Neighbourhood Aggregation (PNA) [46] message passing and predicts both scalar

QoIs, including stiffness components, isotropic moduli, yield strengths, and harden-

ing descriptors, as well as vector-valued stress–strain responses in orthogonal loading

directions. Beyond pointwise accuracy, we evaluate whether the surrogate preserves

finite-SVE variability across sizes and compositions in a manner consistent with

SVE-based mesoscale modeling.

The main contributions of this study are:
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• A grain-graph representation and multitask GNN surrogate for mapping polycrystal

SVEs to elastic and plastic homogenized quantities across multiple SVE sizes.

• Joint prediction of scalar properties and full stress–strain trajectories within

a shared embedding framework, supporting nonlinear response characterization

beyond scalars.

• Validation at the population level (distributions and variability) to assess suitability

for SVE-based block-wise random-field construction and ensemble-driven multiscale

analyses.

2 Dataset Description

The dataset employed in this study is derived from the high-fidelity CPFEM simula-

tions reported in our prior work [17]. In that work, the size dependency of homogenized

elastic and plastic properties of dual-phase polycrystalline materials was systematically

investigated using the SVE framework. The present study uses that validated compu-

tational database to construct a structured microstructure-property dataset suitable

for deterministic surrogate modeling.

2.1 Material System and Microstructure Generation

The material system consists of dual-phase ferrite-martensite polycrystals. Three

microstructural configurations were generated corresponding to martensite volume

fractions (vf ) of 10% (M1), 45% (M2), and 90% (M3). Each macroscopic microstruc-

tural domain has dimensions 400µm×400µm×1µm with an average grain equivalent

diameter of d̄ = 5µm. Grains are assumed equiaxed and assigned random crys-

tallographic orientations sampled from a uniform orientation distribution function.

Phase-dependent elastic constants and crystal plasticity parameters were assigned at

the grain level. Microstructures were generated using DREAM.3D [47] and discretized

for full-field CPFEM simulations.
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Fig. 1 Example 400µm × 400µm parent microstructure showing (a) grain orientations colored
according to the inverse pole figure (IPF) key and (b) phase distribution for ferrite and martensite.
Grid lines indicate the SVE partitioning levels corresponding to δ = 1/2, 1/4, and 1/8.

2.2 SVE Extraction

To capture spatial variability and size effects, the SVEs were extracted using a

space-filling moving-window partitioning approach. Figure 1 illustrates an example

microstructure from vf = 0.45, where the grain orientations are colored using inverse

pole figure (IPF) and the partitions used for SVEs are plotted over the domain.

The considered SVE sizes are LSVE ∈ {50, 100, 200, 400}µm, which tile 30 differ-

ent 400 µm × 400 µm parent domains into 8 × 8, 4 × 4, 2 × 2, and 1 × 1 grids,

respectively, without overlap or gaps. These correspond to size δ = LSVE/400 µm ∈

{1/8, 1/4, 1/2, 1}. The parameter δ denotes the subdivision ratio relative to the

full domain, so decreasing LSVE (larger subdivision) increases the number of SVEs

obtained from each parent microstructure and, consequently, the share of samples at

that size. In total, there are 30, 120, 480, and 1920 samples per vf for δ = 1, 1/2, 1/4,

and 1/8, respectively. All SVEs are non-overlapping and collectively cover the entire

domain.

This construction ensures that the dataset explicitly captures composition depen-

dence through the martensite vf , size dependence through the SVE length scale, and

intrinsic statistical variability across different microstructural realizations. As a result,
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the database systematically encodes the coupled effects of phase contrast, observa-

tion window size, and microstructural randomness on the homogenized mechanical

response.

2.3 CPFEM Simulation and Homogenization

Each SVE was analyzed using a full-field crystal plasticity formulation under mixed

boundary conditions (MBC). Three independent loading cases were applied, namely

uniaxial tension in the x direction, uniaxial tension in the y direction, and in-plane

shear loading. The homogenized stress–strain response was obtained by volume averag-

ing the microscopic stress and strain fields. In-plane stresses and strains were expressed

in Voigt notation as

σ =


σxx

σyy

σxy

 , γ =


εxx

εyy

2εxy

 , (1)

and the homogenized elastic constitutive relation was written as

σ = C γ, (2)

where the in-plane stiffness tensor is given by

C =


C11 C12 C13
C12 C22 C23
C13 C23 C33

 . (3)

Here, C33 denotes the in-plane shear stiffness.

2.4 Output Quantities of Interest

For each SVE, both elastic and plastic homogenized quantities were reported.
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2.4.1 Elastic Properties

The elastic outputs include the in-plane stiffness components C11, C12, C22, C33, and

bulk modulus κ together with isotropic shear modulus µ obtained through Reuss

angular averaging of C, cf. [5]. Although the full in-plane stiffness tensor in Eq. 3 is

computed from the three CPFEM loading cases for every SVE, the present dataset

is dominated by the orthotropic components {C11, C12, C22, C33}. Because the coupling

terms C13 and C23 remain consistently close to zero across the dataset, only these

orthotropic-dominant components are retained for learning and reporting.

2.4.2 Plastic Properties

Plastic quantities were extracted from the homogenized stress–strain curves. The yield

strength Y was determined using the 0.2% offset criterion, while directional yield

strengths Yx and Yy were computed for loading along the principal directions. The

tail hardening modulus was defined as

H =
1

2

(
dσxx

dεxx
+

dσyy

dεyy

)
, (4)

and evaluated as the average slope over the final six increments of the macro-

scopic stress–strain response. In addition, homogenized stress–strain curves σxx(ε) and

σyy(ε) were sampled at 24 strain increments to characterize the nonlinear mechanical

response.

2.5 Statistical Characteristics

The dataset exhibits several key characteristics. Property variance decreases with

increasing SVE size, indicating the convergence toward the representative-volume-

element behavior. An example convergence is given in Figure 2. Elastic and plastic

9



415
416
417
418
419
420
421
422
423
424
425
426
427
428
429
430
431
432
433
434
435
436
437
438
439
440
441
442
443
444
445
446
447
448
449
450
451
452
453
454
455
456
457
458
459
460
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log(LSVE)
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1000
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vf = 0.9

vf = 0.45

vf = 0.1

Fig. 2 Variation of the average yield strength Y (MPa) with SVE size for three martensite volume
fractions plotted against log(LSVE). Solid lines denote the mean response across SVE realizations,
while dashed and dash–dotted lines represent the minimum and maximum values, respectively.

properties exhibit distinct scaling trends, with plastic quantities, particularly the hard-

ening modulus H, showing larger variability and slower convergence. Intermediate

martensite fractions exhibit increased anisotropy and statistical dispersion. Further-

more, property distributions at small SVE sizes exhibit the highest level of anisotropy

and inhomogeneity. Overall, the dataset spans multiple compositions, length scales,

and mechanical regimes, providing a comprehensive microstructure–property database

suitable for surrogate modeling of SVE-level homogenized response.

3 Graph Neural Network Framework

Figure 3 summarizes the grain-graph surrogate used to predict SVE-level elastoplastic

QoIs from dual-phase polycrystal microstructures. The framework maps each SVE

to a graph, performs message passing to obtain node embeddings that encode local

neighborhood interactions, and then aggregates these embeddings into a compact SVE

representation that drives a multitask regression head.

Each SVE is represented as a graph G = (V, E), where V is the set of microstruc-

tural entities (nodes) and E is the set of neighborhood relations (edges). We use
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Node features
hi ∈ R7

hi =
[
qi ∈ R4, ϕi, di, vf

]

qi: quaternions, ϕi: phase label,
di: grain size, vf : volume fraction

Edges + edge features
edge index, eij ∈ R5

eij =
[
δqij ∈ R4, θij

]

δqij : relative quaternions,
θij : geodesic rotation distance

4× PNA blocks

Block 1: PNAConv 7→96 (edge dim=5) + BN(96) + LeakyReLU(0.01)
Blocks 2–4: PNAConv 96→96 + BN(96) + LeakyReLU(0.01)

Aggregators: {mean, min, max, std}
Scalers: {identity, amplification, attenuation, linear}

Output: node embeddings zi ∈ R96

Graph readout
Global mean pool

g ∈ R96

Shared MLP
96→96→96

LeakyReLU(0.01)

Output heads (12)

2 heads (24-d): σxx(ε), σyy(ε)
96→128→64→24

10 heads (1-d): κ, µ, C11, C12, C22, C33, Y, H, Yx, Yy

96→128→64→1

Fig. 3 Simplified PNA-based GNN: node features hi = [qi, ϕi, di, vf ], edge features eij = [δqij , θij ],
4 PNA blocks using the shown aggregators/scalers, global mean pooling, shared Multilayer Perceptron
(MLP), and 12 prediction heads.

a grain-based VE representation because it significantly reduces input dimensional-

ity while preserving microstructure. In grain-based graphs, each node corresponds

to a grain. This choice provides a physically interpretable representation in which

nodes align with crystallographic state variables (orientation, phase) and geometric

descriptors (grain size).

Edges encode short-range microstructural interactions. In the grain-graph setting,

we connect nodes using adjacency across grain boundaries: two grains i and j are

neighbors if they share an interface in the tessellation/segmentation. We treat the

graph as undirected in the physical sense, but implement it with two directed edges

(i→j) and (j→ i) for message passing. This construction produces sparse graphs with
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locality aligned to the mechanisms that drive effective response: Phase connectivity,

crystallographic misorientation, and neighboring grains.

Each node i ∈ V is assigned a feature vector hi ∈ R7 (Fig. 3)

hi =
[
qi ∈ R4, ϕi, di, vf

]
, (5)

where qi is the grain orientation encoded as a unit quaternion1, ϕi is a phase label

(binary encoding for ferrite/martensite), di is a grain size descriptor (e.g., number of

elements), and vf is the SVE-level volume fraction. The scalar vf is replicated to each

node to provide global compositional context during message passing.

Each directed edge (i, j) ∈ E carries an edge feature vector eij ∈ R5

eij =
[
δqij ∈ R4, θij

]
, (6)

where δqij is the relative quaternion between grains i and j, and θij is the geodesic

rotation distance, providing a scalar misorientation measure. This feature design sepa-

rates node-level descriptors (state and geometry) from edge-level descriptors (pairwise

crystallographic relationships), which is particularly relevant for plasticity-sensitive

QoIs.

The surrogate is a graph neural network with four message-passing (PNA) lay-

ers. In each layer, every node (grain) updates its internal feature vector by combining

its own information with information coming from its neighboring grains through the

grain-boundary edges. We start from 7 input features per node and 5 features per

edge; the first PNA layer maps the node description from R7 to a 96-component hid-

den representation, and the next three layers keep the same 96-dimensional size while

1Grain orientations are represented with unit quaternions rather than Euler angles because quaternions
provide a smooth, singularity-free description of 3D rotations. In contrast, Euler angles can suffer from
gimbal-lock-type singularities and discontinuities, and their representation is more redundant under crystal
symmetry. For learning on grain graphs, quaternions therefore provide a more stable basis for encoding
orientations and computing relative misorientations between neighboring grains.
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progressively refining it as shown in Figure 3. The output of these four layers is a

learned 96-dimensional vector zi ∈ R96 for each node, which is called a node embed-

ding, providing a compact numerical summary of the local microstructural context

around grain i.

PNA is designed to perform well when different nodes have very different numbers

of neighbors. To achieve this, it summarizes each node’s neighborhood in several com-

plementary ways using the aggregators {mean,min,max, std}, and then adjusts these

summaries with degree-dependent scalers {identity, amplification, attenuation, linear}.

Using multiple summaries, together with degree-aware rescaling, makes the layer more

stable and robust across SVEs whose grain-adjacency graphs can vary in connectivity.

Node embeddings are reduced to an SVE representation via global mean pooling

g =
1

|V|
∑
i∈V

zi, g ∈ R96. (7)

Mean pooling provides a stable summary when the number of grains varies across

SVEs and partition scales, a significant advantage over CNNs. A shared Multilayer

Perceptron (MLP) refines the global mean pooling by adding three more layers and

using LeakyReLU (0.01) as the activation function. The shared latent is then mapped

to 12 task-specific output heads:

• Two 24-dimensional heads for stress–strain responses, σxx(ε) and σyy(ε), each

parameterized by 96→128→64→24.

• Ten scalar heads for {κ, µ,C11, C12, C22, C33, Y,H, Yx, Yy}, each parameterized by

96→128→64→1.

This structure enforces a shared microstructure embedding while allowing the final

mappings to specialize by the QoI type (scalar versus curve).

Training minimizes a multi-output mean squared error (MSE) aggregated over all

heads. Let the set of tasks be T = {1, . . . , 12}, and let task t have output dimension

13
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dt (with dt = 1 for scalar QoIs and dt = 24 for stress–strain heads). For a graph G,

predictions are ŷ(t)(G) and targets are y(t)(G). The combined loss function is

L =
1

|T |
∑
t∈T

1

dt

∥∥∥y(t)(G)− ŷ(t)(G)
∥∥∥2
2
. (8)

The per-task normalization by dt prevents the 24-dimensional curve heads from domi-

nating the optimization purely by dimensionality. In practice, targets are standardized

using statistics computed on the training set to reduce scale imbalance across elastic

constants and plastic metrics; predictions are then mapped back to physical units for

reporting.

To prevent information leakage arising from correlated SVEs extracted from the

same parent microstructure, we perform an image-level split. Parent microstructure

images are first divided into train/validation/test sets. Then, all SVEs derived from

a given parent image are assigned to the same subset, including the full hierarchy of

partitions (e.g., the δ = 1/1 SVE and its corresponding δ = 1/2, δ = 1/4, and δ = 1/8

sub-SVEs). We target equal representation for each martensite vf regime within each

subset (stratified by vf ), and we preserve representation across SVE sizes through

hierarchical assignment. In the representative split used for the main experiments,

selection is performed at the image level (e.g., 26 parent images for training and 4

parent images for testing), after which all corresponding partition-derived SVEs are

included automatically in the same subset.

Table 1 summarizes the SVE sampling strategy and the resulting dataset compo-

sition. For each martensite vf ∈ {0.10, 0.45, 0.90}, we consider 30 parent microstruc-

tures over a 400 µm × 400 µm domain and extract non-overlapping SVEs of LSVE

and δ as explained in Section 2. The table also reports the average grain count per

SVE, emphasizing that smaller observation windows contain fewer grains and therefore

represent more localized microstructural environments. As a representative measure

14
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Table 1 Summary of the SVE dataset (derived from Anto et al. [17] for three
martensite volume fractions: vf = {0.10, 0.45, 0.90}, with 30 parent microstructures per
vf ). Coefficient of variance (CoV) of Y is given as an example.

LSVE [µm] δ Avg. grain count Samples per vf Share [%] CoV(Y )

400 1/1 1180 30 1.2 0.006
200 1/2 315 120 4.7 0.023
100 1/4 89 480 18.8 0.051
50 1/8 27 1920 75.3 0.113

Fig. 4 Example microstructure domains at four SVE sizes together with the corresponding grain-
graph representations used as inputs to the GNN model.

of size-dependent scatter, the coefficient of variation (CoV) of the yield strength

Y is listed; the monotonic increase in CoV with decreasing LSVE reflects stronger

microstructural variability at smaller length scales. Figure 4 illustrates an example

domain and corresponding graph from each size referenced in Table 1.

4 Results

This section evaluates the predictive performance and physical consistency of the

proposed multitask grain-graph surrogate. We first examine whether a single model

trained on multiple martensite volume fractions can maintain accuracy across indi-

vidual composition regimes (Section 4.1). This analysis establishes that pooling data

across volume fractions enables a unified surrogate while preserving most predictive

fidelity. We then quantify the accuracy of scalar elastic and plastic quantities of inter-

est using parity plots, highlighting regions where the model achieves strong agreement
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Table 2 Effect of pooling volume fractions during training. R2
spec(vf ) denotes within-regime R2

for a model trained only on regime vf and evaluated on test SVEs from the same regime.
R2

unif|vf
denotes within-regime R2 for the unified model Mall evaluated on the test subset

restricted to regime vf . The pooled scores compare (i) concatenated predictions from specialized
models (each test sample predicted by its regime-specific model; columns 2 to 7) and (ii) a single
unified model evaluated on the concatenated test set (columns 8 and 9).

QoI
R2

spec R2
unif|vf

∪vf

vf=0.1 vf=0.45 vf=0.9 vf=0.1 vf=0.45 vf=0.9 R2
spec

pool R2
unif

pool

C11 0.881 0.905 0.761 0.865 0.863 0.751 0.993 0.990
C12 0.734 0.762 0.392 0.704 0.714 0.422 0.969 0.969
C22 0.894 0.910 0.768 0.869 0.880 0.738 0.993 0.991
C33 0.143 0.209 0.075 0.152 0.209 0.103 0.807 0.828
κ 0.966 0.962 0.919 0.931 0.940 0.908 0.998 0.996
µ 0.504 0.564 0.247 0.550 0.565 0.335 0.947 0.950
Y 0.792 0.853 0.586 0.771 0.812 0.611 0.987 0.985
H 0.594 0.745 0.323 0.571 0.648 0.403 0.964 0.966
Yx 0.779 0.843 0.577 0.738 0.799 0.605 0.986 0.985
Yy 0.734 0.848 0.561 0.748 0.812 0.591 0.986 0.984

with CPFEM results (Section 4.2). Next, we evaluate vector-valued stress–strain pre-

dictions in the x and y loading directions using both curve-level metrics and population

envelopes to assess fidelity in nonlinear response and variability (Section 4.3). Finally,

we examine whether the surrogate preserves microstructural heterogeneity across SVE

partitions by comparing predicted and reference distributions and spatial field patterns

(Sections 4.4).

4.1 Volume-fraction generalization

To assess whether a single model can generalize across martensite volume frac-

tions without sacrificing accuracy, we compare two training strategies: (i) vf -specific

models trained on a single regime, and (ii) a unified model trained on the pooled

dataset spanning all vf . Let Dvf
denote the subset of SVEs with volume fraction

vf ∈ {0.10, 0.45, 0.90}. We train specialized models Mvf
on Dvf

and a unified model

Mall on
⋃

vf
Dvf

. For evaluation, we report two complementary coefficients of determi-

nation: (a) within-regime (conditional) scores, R2(M,Dtest
vf

), computed on test SVEs

restricted to a fixed vf , and (b) pooled scores computed after concatenating all test
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SVEs across regimes. For the pooled score using specialized models, each test sample

is predicted by its corresponding Mvf
(a post-hoc regime-aware reference), whereas

the unified pooled score uses Mall for all samples.

Before comparing regime-specific and unified training strategies, it is useful to note

that direct cross-volume-fraction transfer is generally poor when a model is trained

on a single composition regime and evaluated on another. As an illustrative example,

Appendix Figure A1 shows parity plots for a model trained only on vf = 0.10 and

tested on vf = 0.45, where several scalar QoIs exhibit substantial degradation. This

behavior motivates the volume-fraction generalization study below and supports the

use of a unified model trained on pooled vf data.

Table 2 shows that unified training does not degrade performance in a systematic

way: the conditional R2 values of Mall remain close to those of the specialized Mvf

models across most outputs, while eliminating the need to maintain separate mod-

els for each composition regime. Moreover, the pooled R2 from the unified model is

comparable to that obtained by combining specialized models, indicating that a single

set of learned microstructure features can support accurate predictions across volume

fractions. The main exception is the direction-dependent shear component C33, which

remains challenging for both strategies; however, even for this case, the unified pooled

score is competitive, consistent with the broader observation that shear-dominated

response is particularly sensitive to finite-SVE anisotropy effects, which is explained

in detail in the next section.

Table 2 should therefore be interpreted in two complementary ways. The uni-

fied model remains competitive with the regime-specific models within individual vf

regimes, but the strongest gains are observed in the pooled evaluation, where the

model benefits from learning the broader variation in responses across compositions.

Accordingly, the main result is not that pooled training is uniformly superior across

all regimes, but that a single unified surrogate preserves most within-regime fidelity
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Fig. 5 Parity plots for the linear and nonlinear scalar QoIs.

while also capturing the dominant cross-regime trends. Here, the pooled R2 primar-

ily measures fidelity across the broader response range obtained by combining all vf

regimes, whereas the conditional R2 is the stricter measure of within-regime sensitivity

at fixed vf .

4.2 Elastic and plastic QoIs

Figure 5 reports parity plots for the ten scalar QoIs. All stiffness and strength units

in the manuscript are MPa. Overall, the surrogate achieves very high accuracy for

both elastic and plastic properties, indicating that the learned SVE embedding is

sufficiently expressive to resolve microstructure-induced trends beyond simple compo-

sitional averaging. The best-performing elastic targets are C11 and C22, followed by

C12. The derived isotropic bulk modulus κ exhibits the highest agreement among the

reported scalars with an R2 higher than 0.995, while the isotropic shear modulus µ

remains strongly correlated (R2 = 0.95). These results suggest that the model cap-

tures both the principal stiffness response and derived moduli consistently within a

single multitask representation.
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Plastic scalars show a similarly strong performance. The yield strength Y is pre-

dicted with R2 = 0.99 and the hardening descriptor H with R2 = 0.97. Directional

yield strengths are predicted with nearly identical accuracy in both loading directions

(Yx: R
2 = 0.98, Yy: R

2 = 0.98); this is particularly important for maintaining direc-

tional consistency when SVEs exhibit apparent anisotropy due to finite sampling and

phase topology. The parity scatter plots for these plastic quantities remain concen-

trated near the identity line, indicating that the surrogate preserves relative ranking

across SVEs and does not systematically bias toward the mean.

Among the elastic scalars, shear modulus C33 exhibits the largest dispersion (R2 =

0.83), despite the high accuracy obtained for isotropic shear modulus µ (R2 = 0.95).

This contrast suggests that the dominant challenge is not capturing the overall elas-

tic stiffness level, but resolving the direction-dependent shear response that emerges

at finite SVE sizes. In particular, C33 is more strongly influenced by the microstruc-

ture topology, including phase connectivity, interface networks, and local constraint

pathways, than the angle-averaged response encoded in µ. At small-to-intermediate

SVE sizes, these topology-driven effects can also manifest as apparent anisotropy, even

when the parent microstructure is statistically isotropic, thereby increasing sample-

to-sample variability and reducing the predictability of a single shear component. The

relatively higher dispersion of C33 is also influenced by the MBC used in the crystal

plasticity simulations. In the adopted formulation, roller-type constraints are applied

on certain faces of the SVE. These constraints work well for the normal loading cases

that provide C11 and C22. However, C33 is obtained from the shear loading case,

which appears to be more sensitive to this boundary treatment. As a result, the shear

response obtained from the SVE simulations may contain additional variability com-

pared with the normal stiffness components2. This interpretation is also consistent

2Other types of MBC [48–50] may provide a more accurate shear response. The corresponding C33 values
could correlate more strongly with the microstructure and therefore show lower dispersion in the surrogate
GNN model. However, the original CP dataset used in this work did not include results obtained with such
alternative boundary conditions.
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with our prior CPFEM study of the same SVE database, where the shear modulus

exhibited smaller convergence rates and larger RVE sizes than the bulk modulus, indi-

cating stronger sensitivity of shear-dominated quantities to finite-SVE variability and

anisotropy [17].

Finally, the evaluation is designed to measure generalization at the parent-image

level. The train and test split is performed on microstructure images with stratification

across vf regimes, and all partition-derived SVEs from a given parent image are kept

in the same split as explained in Section 3. The high parity agreement across scalars,

therefore, reflects transfer to unseen microstructures rather than interpolation among

correlated subwindows.

4.3 Stress–strain response

We next evaluate the vector-valued stress–strain targets, σxx(ε) and σyy(ε), each repre-

sented as a 24-dimensional output. Figure 6 summarizes population envelopes (median

and 5–95% bands) across the considered volume-fraction regimes and loading direc-

tions. The surrogate reproduces the median curve shape across the full strain range,

including the initial elastic regime, the yield transition, and subsequent hardening.

This indicates that the shared latent embedding captures the coupled features needed

to predict both elastic slope and post-yield evolution.

A key outcome is the agreement in response variability. The predicted 5–95%

envelopes track the observed spread, suggesting that the surrogate preserves hetero-

geneity across SVEs rather than collapsing to a narrow mean response. This matters

for downstream reliability and damage analyses, where variability and extremes (not

only averages) govern initiation and uncertainty. Visually, the agreement is maintained

across all volume-fraction regimes, supporting the model’s ability to represent both

stiffness/strength shifts and changes in scatter with microstructure.
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Fig. 6 Population envelopes for predicted and reference stress–strain responses under uniaxial load-
ing in the x and y directions. For each martensite volume-fraction regime (vf = 0.10, 0.45, and 0.90),
the solid curves denote the reference median response and the shaded region indicates the 5–95%
interval across SVE realizations.

Quantitative curve metrics are summarized in Table 3. We report R2 to assess

the explained variance of the full discretized response, and MAE/RMSE to quantify

the average and quadratic errors in stress magnitude, respectively, across the sampled

strain points. To enable comparison across regimes with different stress scales, we also

report normalized values relative to the peak reference stress (NRMSEpeak). Finally,

the L∞ error captures the worst-case pointwise deviation across the strain grid, high-

lighting localized mismatches near the yield surface or in regions of high curvature.

Across both loading directions, these metrics indicate comparable accuracy, supporting

the conclusion that the surrogate does not over-specialize to a single loading axis and

can represent directional stress–strain trajectories within the same multitask model.
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Table 3 Curve-level performance metrics for predicted stress–strain responses in the x
and y loading directions. Metrics are computed over the discretized strain grid for each
response and then aggregated over the evaluation set.

Output R2 MAE (MPa) RMSE (MPa) NRMSEpeak (%) L∞ (MPa)
σxx(ε) 0.9561 154.33 194.05 7.17 307.10
σyy(ε) 0.9558 159.94 195.28 7.29 284.60

4.4 Distributions and spatial consistency

Beyond pointwise accuracy, we evaluate whether the surrogate model preserves point-

wise distribution and spatial consistency induced by SVE partitioning. Figure 7

compares predicted and reference probability density functions (PDFs) for represen-

tative scalars (κ, µ, Y , and H) across multiple partition scales. Across regimes, the

predicted PDFs closely follow the reference PDFs in both the value range and the

local maxima, indicating that the model reproduces not only mean shifts but also the

variability structure associated with finite SVEs. This is a nontrivial requirement for

microstructure surrogates, since distributional fidelity is typically more stringent than

the minimization of average error.

We also assess the spatial consistency of homogenized fields using subdomain maps

shown in Figure 8. The predicted fields reproduce the dominant spatial patterns across

subwindows, and the corresponding error maps remain localized rather than exhibiting

global bias. This behavior suggests that the model learns microstructure-dependent

heterogeneity and spatial consistency that are consistent across partition levels. This

is particularly relevant when partitioned predictions are later assembled into larger

domains within a multiscale method, as in [51].

Taken together, the pointwise distribution and field-level comparisons indicate that

the surrogate model accurately represents the underlying material heterogeneity, which

is important for downstream damage and fatigue modeling. In such settings, localized

response patterns and the tails of property distributions can dominate the risk of crack
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Fig. 7 Comparison of predicted and reference probability density functions (PDFs) for representative
scalar QoIs across SVE partition scales and martensite volume fractions. Solid lines denote reference
PDFs and dashed lines denote surrogate-predicted PDFs for (a) κ, (b) µ, (c) Y , and (d) H at partition
scales δ ∈ {1/2, 1/4, 1/8}.

nucleation, even when global averages appear well predicted. Moreover, retaining dis-

tributional fidelity enables the construction of statistically consistent random fields for

mesoscale simulations, in which one seeks to populate larger structural domains with

spatially varying elastic and fracture constitutive parameters while matching the target
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Fig. 8 Spatial consistency of surrogate predictions across SVE partitions. For a representative case,
subdomain maps are shown for the reference field, the surrogate-predicted field, and the corresponding
error field for the selected QoI (κ) at progressively finer partition resolutions.

n-point statistics. Such random-field representations are particularly useful for uncer-

tainty propagation, reliability analysis, and large-area fracture/fatigue assessments,

where explicitly resolving microstructure everywhere is infeasible with direct numeri-

cal simulations (DNS), yet preserving the correct variability and spatial heterogeneity

remains essential and feasible, with the proposed SVE-based upscaling approach.

5 Conclusions

This work developed and evaluated a multitask grain-graph surrogate for predict-

ing SVE-level elastoplastic response from dual-phase polycrystal microstructures. The

main conclusions are as follows:

1. Accurate multitask prediction of coupled elastic and plastic scalars. Par-

ity analyses demonstrate strong performance across most scalar QoIs, including

stiffness components, isotropic moduli, and plastic descriptors (yield strength and
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hardening). The consistent accuracy across both elastic and plastic targets indi-

cates that a shared microstructure embedding can capture coupled trends without

training independent models for each QoI.

2. High-fidelity stress–strain trajectory prediction with directional con-

sistency. The surrogate predicts discretized stress–strain responses in both x

and y loading directions with strong agreement in median behavior and variabil-

ity envelopes. Curve-level metrics (Table 3) indicate that the overall error and

explained variance are comparable across directions, supporting stable directional

generalization within a single multitask architecture.

3. Distributional and spatial agreement under SVE partitioning. Predicted

PDFs closely match the reference PDFs across partition scales and volume-

fraction regimes. Moreover, partition-level field maps reproduce the dominant

spatial patterns and exhibit localized residual errors. These results show that the

model preserves microstructure-driven heterogeneity rather than collapsing to a

mean response, which is essential when downstream analyses depend on pointwise

distribution and spatial consistency.

4. Implications for damage and fatigue modeling at larger scales. The

surrogate provides rapid microstructure-conditioned constitutive predictions that

can support high-throughput screening, uncertainty propagation, and statistical

characterization of mesoscale property fields. In particular, the demonstrated dis-

tributional fidelity enables construction of statistically consistent random fields

for larger-domain simulations, where spatially varying constitutive parameters or

strength proxies are required but explicit microstructure resolution everywhere is

impractical. The ability to preserve tail behavior and spatial heterogeneity is partic-

ularly relevant to crack nucleation and early damage processes driven by localized

extremes.
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Overall, the proposed grain-graph surrogate demonstrates that physics-informed

microstructure descriptors combined with message passing and multitask learning

can accurately reproduce both scalar homogenized properties and full nonlinear

stress–strain trajectories, while maintaining the variability structure induced by finite

SVEs. These capabilities align with the needs of modern fracture and fatigue mod-

eling workflows that increasingly rely on AI-assisted coarse-graining and large-scale

computational studies.
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Appendix A Cross-volume-fraction transfer example
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Parity plots of scalars for model trained on vf = 0.10, tested on vf = 0.45

vf = 0.45vf = 0.45

δ = 1/1 δ = 1/2 δ = 1/4 δ = 1/8

Fig. A1 Parity plots for scalar QoIs for a model trained on vf = 0.10 and evaluated on vf = 0.45.
Marker shape denotes the SVE partition scale δ. The noticeable loss of accuracy across several outputs
indicates limited direct transferability between composition regimes, motivating the pooled volume-
fraction training strategy discussed in Section 4.1.
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