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ORIGINAL ARTICLE

Time domain analysis of locally resonant elastic metamaterials under impact�

Erdem Caliskana, Willoughby Cheneyb, Weidi Wangb, Thomas Plaistedc, Alireza V. Amirkhizib, and Reza Abedia 

aDepartment of Mechanical, Aerospace and Biomedical Engineering, University of Tennessee Knoxville, Knoxville, TN, USA; bDepartment of 
Mechanical Engineering, University of Massachusetts Lowell, Lowell, MA, USA; cDEVCOM Army Research Laboratory, Aberdeen Proving 
Ground, Aberdeen, MD, USA 

ABSTRACT 
Impact mitigation using metamaterials (MM) requires low-frequency stopbands for wave attenu
ation. Conventional low-frequency MM solutions often rely on complex, heavy, multi-material unit 
cells. Most MM studies analyze infinite periodic domains through Frequency Domain (FD) simula
tions, a practice that limits applicability to realistic impact scenarios. The present study employs 
Time Domain (TD) finite element analysis to investigate the dynamic response of single-material, 
locally resonant ceramic MMs under impact loading. This design achieves a low-frequency stop
band while minimizing the mass and fabrication complexity associated with multi-material sys
tems. TD results are contrasted with FD predictions to highlight the advantages of TD analysis for 
finite-sized structures subjected to impact, blast, and other boundary conditions. MM slabs are 
benchmarked against conventional monolithic and alternative microstructured slabs, with perform
ance assessed in terms of stress-wave attenuation, peak-load retardation, energy transfer, and dis
sipation by material damping. Resonance within the MM amplifies dissipation within the assumed 
mass-proportional Rayleigh damping model. A graded slab further enhances energy mitigation by 
broadening the attenuation band relative to uniform MM slabs. Overall, the proposed MM design 
slows and redistributes stress waves, and the TD analysis framework provides a robust, efficient 
tool for such structures.
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1. Introduction

The dynamic properties of materials depend significantly on 
their microstructure. Metamaterials (MMs) are engineered 
structures with microstructures that possess properties not 
found in nature. Dynamic mechanical MMs can interact 
with stress waves in unprecedented ways, providing control 
over wave trajectory and dissipation characteristics [1]. 
These materials find applications across diverse fields, 
including blast protection [2–4], acoustic wave mitigation 
[5–7], seismic shielding [8,9], and lenses [10]. Elastic and 
acoustic MMs can exhibit exotic mechanical properties, 
including frequency-dependent (dispersive) behavior and 
even negative effective mass density [11,12] or elastic moduli 
[10,13]. These exotic properties enable MMs to achieve 
superior performance compared to traditional designs in 
elastic wave mitigation [14–20].

Two primary mechanisms create bandgaps (frequency 
ranges where infinitely periodic structures prohibit wave 
propagation [21]): Bragg scattering and local resonance [22]. 
Bragg scattering bandgaps arise from structural symmetry, 
periodicity, and order [23,24]. However, their frequencies 
remain limited to approximately c=a; where c is the wave 

speed and a is the lattice constant [25]. This constraint 
makes Bragg scattering unsuitable for mechanical MMs since 
long wavelengths require large structures [26,27]. In con
trast, locally resonant MMs can reduce bandgap frequencies 
by several orders of magnitude since they are governed by 
unit cell resonance frequencies rather than wavelength-lat
tice spacing relationships [28,29]. This advantage makes 
locally resonant designs attractive for mechanical wave con
trol applications.

Graded designs can further enhance locally resonant MM 
arrays [30–33], which do not require perfect periodicity. 
Researchers can modify the wave speed profile of finite 
arrays by adjusting material properties or geometry at the 
unit cell level [34]. This approach enables slabs (one-dimen
sional arrays with periodicity in perpendicular directions) to 
operate effectively across wider frequency ranges and 
dissipate more energy. Locally resonant materials can also 
exhibit “metadamping” or “damping emergence,” signifi
cantly enhancing shock absorption capabilities [35,36]. 
Additionally, damping inclusion resolves inherent ambigu
ities in the dynamic properties of lossless materials by pro
viding physically meaningful solutions [37].
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Current MM implementations face several critical limita
tions. Metaconcrete, an early locally resonant MM applica
tion, demonstrated potential for blast-wave mitigation 
[38–40], but suffers from key weaknesses: (1) it targets blast 
rather than ballistic/impact loading, (2) it requires compliant 
coating materials that compromise mechanical integrity, (3) 
researchers have not verified of critical mechanisms like fric
tion and pounding in multi-material designs [41], and (4) it 
exhibits excessive weight for most applications. Recent 
hybrid MM designs combining local resonance with negative 
Poisson’s ratio features [42,43] primarily focus on Frequency 
Domain (FD) analysis and experimental slab investigations, 
neglecting projectile impact scenarios and Time Domain 
(TD) analysis of realistic finite structures.

While FD analysis provides valuable insights into infinite 
periodic structures, TD analysis of finite MMs offers crucial 
advantages for practical applications. TD simulations enable 
realistic impact analysis by capturing transient wave interac
tions, energy dissipation mechanisms, and boundary effects 
that govern real-world performance. Unlike FD approaches, 
which assume infinite periodicity, TD analysis accounts for 
finite-size effects, loading duration, and complex wave 
reflections within bounded structures. This approach pro
vides direct evaluation of energy mitigation performance 
under actual impact conditions, yielding insights essential 
for engineering applications.

Researchers have proposed a promising H-shaped reson
ator design for impact mitigation, potentially addressing the 
limitations of metaconcrete [44]. This design targets additive 
manufacturing using high-strength materials such as ceram
ics, featuring seamless transitions from enclosure to reson
ator that enhance structural integrity. The monolithic 
microstructured design protects internal structures from dir
ect projectile interaction [45]. Furthermore, researchers can 
optimize bandgaps for ballistic and impact events at low fre
quencies through the oscillatory resonator’s low natural fre
quency. Recent computational advances have enabled the 
efficient analysis of this topology, with reduced-order mod
els (ROMs) achieving high accuracy in both eigenfrequency 
and TD computations [46]. Optimization studies using gen
etic algorithms with ROMs have demonstrated successful 
bandgap tuning through thickness-graded slab designs [47].

This work systematically investigates H-cell MMs through 
comprehensive TD analysis of finite arrays, providing several 
key innovations: (1) lightweight single-material design 
achieving low-frequency stopbands with enhanced stress- 
wave control, (2) systematic TD analysis revealing realistic 
impact performance and finite-size effects, (3) demonstra
tion of multiplicative energy dissipation enhancement with 
material damping within the assumed mass-proportional 
Rayleigh damping model, (4) graded MM slab designs ena
bling broadband mitigation and improved peak load retard
ation, and (5) comprehensive evaluation of boundary 
conditions and loading scenarios on MM performance.

The investigation encompasses slab size effects, boundary 
condition influences, and various loading conditions, includ
ing projectile and blast scenarios. By expanding analysis 
beyond lossless structures, this study demonstrates that 

MMs induce multiplicative increases in energy dissipation as 
material damping increases when using the mass-propor
tional Rayleigh damping model. Through grading the MM 
slab, this work achieves broadband mitigation over extended 
frequency ranges, effectively improving peak load retardation 
and energy transfer compared to uniform designs. This MM 
can be manufactured into lightweight, graded protective 
panels or liners for vehicles and aerospace structures.

This study employs linear material models and does not 
account for nonlinear effects such as fracture, plasticity, or 
large deformation. The analysis assumes elastic wave propa
gation and does not consider material degradation or con
tact nonlinearities that may occur under extreme loading 
conditions. These simplifications enable systematic investiga
tion of fundamental MM behavior while providing a foun
dation for future nonlinear studies.

2. Material and methods

This section details the approach for evaluating the perform
ance of different designs through finite element simulations. 
The section begins by describing the material properties and 
geometry of the resonant metamaterial design, along with 
three comparison configurations used to benchmark per
formance. The analysis then outlines the computational 
methods, boundary conditions, and loading scenarios used 
in the investigation. Finally, the section defines the quantita
tive metrics employed to evaluate wave propagation and 
energy dissipation characteristics across different designs.

The material for the MM is alumina with a density of 
3985 kg/m3 [48], the elastic modulus of 300 GPa, and 
Poisson’s ratio of 0.27 [49]. Additive manufacturing can be 
used to print a target microstructural design. The density of 
the material is taken from an additive manufacturing sup
plier, but the mechanical properties are taken from common 
alumina, since they are not provided by the supplier. The 
bandgap of the unit cell has been tuned between 20 and 
40 kHz frequency range, which is illustrated in Figure 3b.

The geometry of the square MM design is given in 
Figure 1a. The resonator is H-shaped and connected to the 
frame from the middle horizontal line on the top and bot
tom sides. The area of the unit cell is 10 mm � 10 mm, 
while the wall, web, gap, and H-head dimensions are 0.5, 
0.9, 0.25, and 3.875 mm, respectively. Three other candidate 
geometries are selected for comparison: monolithic, equal 
gap, and square cavity, shown in Figures 1b, 1c, and 1d, 
respectively. All comparison cells have the same outer 
dimensions, while the equal gap and square cavity also have 
the same mass as the H-cell MM. The monolithic cell repre
sents the conventional design for protection. On the other 
hand, the equal gap is designed to have the same section 
area for stress waves to travel, while the square cavity is a 
simple cell design with the same mass. Long-wavelength 
wave speeds (c, based on overall density and quasi-static 
modulus) for these unit cell designs are provided in Table 1.

This study conducts computational experiments using 
LS-DYNA [50]. A Python script using the LASSO and qd 
libraries [51,52] performs postprocessing of the results. The 
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structure is meshed with uniform quadrilateral elements 
with a size of 0.025 mm. This element size is selected since 
it provides a mesh with equally sized square elements 
throughout the domain while being able to resolve the lon
gitudinal waves (wave speed for the MM is provided in 
Table 1) at 40 kHz with around 150 elements per wave
length. In addition, the change in the energy transfer from 
0.025 mm-sized mesh to 0.0125 mm-sized mesh is less than 
0.5%; thus, 0.025 mm elements have been used for the 
remainder of this study.

For the projectile impact (PI) simulations, the material is 
selected as cold-rolled steel, with a density, Young’s modu
lus, and Poisson’s ratio of 7980 kg/m3, 200 GPa, and 0.3, 
respectively [53]. Contact between the projectile and the cer
amic slab is modeled using the mortar contact algorithm. 
Possible contacts within the unit cell are also tracked, 
although no such contact has been detected in the simula
tions conducted in this study. Energy transfer across the 
interface is calculated by integrating the power over time, 
and the TD results are turned into FD by using the Fourier 
transform, which is explained in detail in Appendix A.

Idealized boundary conditions, such as prescribed trac
tion (PT) and prescribed velocity (PV), can be used to rep
resent the two extremes of the impedances at the loaded 
front face; PT would provide more energy to the slab with a 
lower effective impedance, as the traction is provided from 
the PT boundary condition, whereas the corresponding nor
mal velocity increases inversely proportional to the imped
ance. Since an MM slab has a lower impedance than a 
monolithic slab, it may be observed to have several times 
higher energy transfer from the PT boundary condition. Yet, 
under PV, the opposite holds true. Nevertheless, modeling 

the PI condition best represents actual impact scenarios, and 
blast loading (discussed below) is also a typical loading con
dition for these applications [38].

For the PI, the projectile length influences the time scale 
of the loading. While the default projectile length is lp ¼
20 mm; when the effect of loading time scale is examined, 
the projectile length of lp ¼ 2:5 mm is also considered. A 
square pulse profile is used for PT and PV loadings. The 
duration of the square pulse td takes the value of 25 ls. 
Finally, the modified Friedlander approximation [38] is 
used to represent blast loading, where the time scale td 
takes the same value used for square pulse PT and PV 
boundary conditions. Since the material response is 
assumed to be linear in this study, the loading amplitude 
is of secondary importance. This analysis employs v0 ¼

30 m=s for the PI loading. This results in an initial normal 
traction of 600 MPa. The load amplitudes for the PT, PV, 
and blast loadings are chosen to result in the same initial 
normal traction value.

This study is strictly linear elastic. Real impact/blast dissi
pation in ceramics is dominated by fracture, fragmentation, 
microcracking, and inelastic crushing, which are highly non
linear phenomena and not captured in this work. 
Consequently, absolute energy transfer values should not be 
interpreted as predictive of survivability under severe 
impact; the present results isolate wave scattering, slowdown, 
and small-strain damping. The primary role of the linear 
study is to quantify how the architecture propagates stress 
waves prior to the onset of nonlinear failure. Establishing 
protective value requires nonlinear damage modeling and 
experiments on additively manufactured alumina, which are 
identified as essential next steps.

3. Results and discussion

This section systematically examines the performance of 
locally resonant metamaterial slabs under various conditions. 
The analysis begins by examining the metamaterial design’s 
essential time and FD responses and then investigates how 
domain size, boundary conditions, and loading types affect 
wave propagation characteristics. Subsequently, the 
study compares the metamaterial performance against 

Figure 1. Unit cells used in this study: (a) resonant MM cell, (b) monolithic cell, (c) same mass with equal stress path gap, and (d) same mass with a square cavity.

Table 1. Long wavelength wave speed (c) for the unit cells.

Unit cell c (m/s)

MM 2951
Monolithic 8677
Equal gap 3788
Square gap 8603

Figure 2. Snapshots of the von-Mises stress plotted on the array at five differ
ent timesteps. Reflection (R), resonator engagement (E), and transmission (T) 
have been annotated in the figure.

MECHANICS OF ADVANCED MATERIALS AND STRUCTURES 3



conventional and alternative designs, explores graded config
urations, and evaluates the impact of material damping. 
Through this progression, the investigation seeks to under
stand how these structures can be optimized for impact 
mitigation applications.

3.1. Size effect and transient response

3.1.1. TD and FD response of the MM
Before examining specific design parameters, this work first 
analyzes the fundamental response characteristics of the 
metamaterial slab in both time and frequency domains. This 
analysis provides baseline insights into how stress waves 
propagate through the structure and how the resonant ele
ments engage with the incident wave.

The von-Mises stress fields plotted on the slab at different 
time values are illustrated in Figure 2. High-resolution visu
alization of the stress is accomplished by using very small 
elements. First, after the projectile impact, most of the stress 
wave reflects (denoted with R) from the first MM cell’s free 
surface, while the rest travels through the outer walls. Then, 
the resonators of the MM array start to engage with the 
wave (denoted with E). Cell engagement speed is much 
lower than the wave speed of the material. This behavior 
reduces the effective energy transfer speed of the slab. The 
reduction in downstream cell engagement can be seen in 
later steps by comparing the overall von-Mises stress magni
tude inside the resonators.

Next, the FD response is analyzed by plotting, at each 
interface, the Fourier transform (FT) of the energy flux 
density in Appendix Equation (14), evaluated using the aver
age stress and the conjugate of the average velocity vectors, 
as shown in Figure 3a. This analysis focuses on the 0 to 
100 kHz range. The FD bandgap for this design extends 
from 20 to 40 kHz. This plot shows that energy magnitude 
in all interfaces remains nearly identical below 20 kHz. 
Above this value, a consistent decrease in the magnitude of 
energy transfer at each progressive interface is observed. The 
magnitude levels get close to each other again after the 
upper bound. In addition, a peak occurs at 30 kHz, which 

represents truncation resonance and was recently explained 
in [54]. The band structure of the unit cell appears in 
Figure 3a.

The agreement between TD and FD methods confirms 
the consistency of the computational predictions regarding 
the existence of the low-frequency bandgap from 20 to 
40 kHz. The band structure of the unit cell is shown in 
Figure 3b. Both TD and FD are linear-elastic numerical 
models, and the agreement between them should be inter
preted as model-to-model consistency, rather than 
experimental validation. True validation would require com
parison with experimental data or analytical solutions, which 
are beyond the scope of this paper. This cross-verification 
supports the reliability of the TD method for the following 
studies.

3.1.2. Domain size
To determine the optimal configuration for practical appli
cations, this investigation examines how the number of 
metamaterial cells affects wave propagation and energy 
attenuation. This study compares four different slab lengths 
to understand the relationship between the array size and its 
performance. The analysis investigates the effect of the 
domain (slab) size on the wave propagation to select one 
size for further analysis.

The frequency signature of the wave changes after each 
unit cell, increasing the number of cells, which will affect 
the total energy attenuation in a manner not proportional to 
the slab length. The analysis examines four slabs with 4, 8, 
16, and 32 resonant cells, given in Figure 4a insert, and 
loads them with a projectile of length lp ¼ 20 mm while 
keeping the back face traction-free. In this figure, the final 
resonant interface appears colored to represent the interfaces 
where the comparison takes place.

The energy transfer at each slab’s final interface is repre
sented in Figure 4a. The energy transfer requires different 
times to reach a plateau. This time correlates with the 
domain size. Regarding the absolute final magnitude of 
energy transfer, the 8-cell slab is more efficient at reducing 
the transmitted energy than the others. Since this domain 

Figure 3. (a) FT of the energy transfer. The locations of the interfaces are highlighted above with the same colors (numbering is from left to right). Stopband of the 
MM is designed to be around 20–40 kHz, indicated with dashed lines. (b) Band structure of the unit cell.
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size is small, the energy transfer is faster to reach the plat
eau. The difference between the terminal values of the 4 and 
8 cells is around 3%. The reflections inside the domain 
cause the 4-cell slab to have a slightly higher terminal value 
than the 8-cell slab. Energy transfer in the 16-cell slab is 
higher than in the 8-cell slab after a time at the final inter
face, as reflected in the crossing in Figure 4a, due to the 
interaction between the length scale of the projectile and the 
total size of the slab.

To compare the performance throughout the domain, the 
energy transfers of all interfaces of each slab length are com
pared in Figure 4b at time 1000 ls. The energies are nor
malized by the initial projectile kinetic energy, represented 
by E : The projectile maintains a nonzero velocity after the 
impact, explaining the normalized energy transfer values of 
less than one, ranging from 0.78 to 0.83, for the first interfa
ces. The design that reduces energy transmission the most is 
8 cells with 72% energy attenuation at the final interface 
relative to the initial kinetic energy of the projectile. Since 
the 8-cell slab performs better from the two perspectives 
above, this work restricts the subsequent studies to 8-cell 
slabs.

3.2. Effect of boundary conditions

3.2.1. Back face boundary conditions
The practical performance of metamaterial slabs depends 
significantly on their boundary conditions. This section 
examines how different back-face conditions, traction-free 
versus transmitting, influence wave propagation and energy 
transfer characteristics. The analysis examines these effects 
using stress and energy metrics to understand their practical 
implications.

Boundary conditions bring additional complexities to the 
performance of these slabs. First, the wave motion is directly 
affected by the frequency content of the loading, which is a 
function of the loading type and time scale. For example, 
the response of the MM to a projectile impact would be dif
ferent from that of a blast loading. Second, the response of 

identical-length MM and comparison slabs will differ due to 
their different effective wave properties. The effect of the 
front face loading, i.e. PT, PV, PI, and blast, is discussed in 
Section 3.2.2. On the other hand, the back-face boundary 
condition affects the response through reflection and/or 
transmission at this boundary. It can be traction-free or 
rigid (fully reflecting), transmitting (non-reflecting), or par
tially reflective, depending on the impedance of the backing 
medium. In this section, the analysis compares traction-free 
and transmitting back-face boundary conditions as two 
extreme cases.

Initially, the back-face boundary is set to traction-free. 
The front face is loaded with the projectile impact. The 
simulation is run for 200 ls. A monolithic slab with the 
same physical length (10 cells) is simulated with the same 
conditions, and the results are compared with the MM. The 
average stress and energy transfer interface locations are 
given in Figures 5a and b, respectively. Quantities are plot
ted at the first, second, sixth, and tenth interfaces, corre
sponding to the impact interface, the first MM interface 
after the monolithic protective cell, the MM interface in the 
middle, and the final MM interface before the back mono
lithic cell.

The average stress results, illustrated in Figure 5a, dem
onstrate significant differences between MM and monolithic 
slabs. The monolithic slab has a much higher average stress 
magnitude throughout the slab, whereas MM has a broader 
frequency content and lower magnitude stress flux. An 
investigation into stress peaks unveils that the MM slab has 
five stress peaks at its initial interface and two within its 
internal domain. In contrast, the monolithic slab exhibits 
nine stress peaks at all its interfaces. This pattern of stress 
peaks remains consistent under various loading conditions, 
such as prescribed traction with a square stress pulse (not 
shown here). Furthermore, the analysis of stress dynamics at 
the impact interface for the MM configuration, denoted by 
the black curve in Figure 5a, showcases a complex contact 
relationship characterized by multiple peaks and drops dur
ing the initial phase of the simulation.

Figure 4. Domain size comparison. (a) Energy transfer magnitude at 1000 ls in between cell interfaces for 4, 8, 16, and 32 cell slabs, normalized by initial projectile 
energy. (b) Energy transfer plotted against time at the final resonant cell interface for 4, 8, 16, and 32 cell slabs.
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Next, the examination of energy transfer from Figure 5b
reveals several noteworthy observations. The peak energy 
transfer level at the terminal interface of the MM slab is 
approximately 15% lower than that of the monolithic slab. 
Furthermore, the time taken to reach half of the peak energy 
transfer value at the terminal interface for the MM configur
ation is approximately five times longer compared to the 
monolithic structure. This prolonged transmission time sig
nifies the ability of the MM configuration to achieve a sig
nificant reduction in wave propagation speed. Additionally, 
a comparison between the upstream and downstream inter
faces highlights the MM’s capacity to diminish high-fre
quency content in the incoming wave. It must be noted that 
due to the limiting nature of the back face boundary condi
tions, these observations will be further evaluated for a more 
practical case.

Subsequently, referring to Figure 5 bottom row, the ana
lysis explores the impact of transmitting back-face boundary 
conditions. The average stress results appear in Figure 5c. 
Comparison with Figure 5a reveals notable distinctions 
between the solutions corresponding to traction-free and 
transmitting back-face boundary conditions. In the 

monolithic slab, the results show no tensile stress, given the 
lack of wave reflection. Conversely, the domain in the MM 
configuration observes tensile stress, stemming from its 
inherent microstructural features. Specifically, the presence 
of free surfaces within the domain leads to the generation of 
tensile-release waves. It is crucial to note that this boundary 
condition represents an idealized scenario, as reflections 
would be expected in real-world applications. However, 
similarly to what was observed earlier, the number of stress 
peaks reduces to two from five under the transmitting 
boundary condition. Another notable observation is that the 
contact history between the projectile and the MM is notice
ably prolonged in the case of the MM configuration when 
compared to the traction-free scenario.

The differences between the two slabs are further exam
ined by referring to energy transfers in Figure 5d. 
Specifically, the magnitude of energy transfer within the 
monolithic domain experiences a rapid increase as the elas
tic wave propagates. In contrast, the MM exhibits a more 
gradual increase further into the domain. Decrements in the 
energy transfer correspond to energy flow through the 
impacted side. The extent of energy attenuation by the slab 

Figure 5. Comparison of (a, c) average stress and (b, d) energy transfer as functions of time at different interfaces for MM (solid) and monolithic (transparent) slabs 
with traction-free (top) and transmitting (bottom) boundary condition on the back-face under projectile impact.
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can be quantified by comparing the energy transfers at the 
first and final interfaces. The MM attenuates approximately 
30% of the incoming energy, while the monolithic com
pletely transfers it. Furthermore, akin to our prior findings, 
the time required to reach the plateau is significantly 
extended for the MM configuration. These outcomes under
score the potential practical utility of the MM.

Given the alignment of main conclusions from the two 
back-face boundary conditions, i.e. slow down of the wave 
and decay of energy transfer for the MM design, this study 
uses a transmitting back-face boundary condition for the 
remainder of this paper. This approach eliminates the influ
ence of reflections and facilitates the characterization of 
energy attenuation as the energy curves can reach a plateau.

3.2.2. Front face boundary conditions
The frequency-dependent nature of the MM causes different 
energy attenuation efficacies under different loading sce
narios. To examine the attenuation performance, the back 
face is set to a transmitting boundary condition, and four 
different types of loading given in Section 2 are applied with 
the same time scale and stress magnitude at the front face. 
Figure 6 illustrates the ratio of the energy transfer of the last 
and first interfaces at 200 ls for different types of loading. 
In the figure, a single bar equal to one represents the ratio 
for the monolithic slab for all loading types since no wave 
attenuation mechanisms exist. For the MM slab, blast and 
projectile impact loading types significantly have lower 
energy transfer ratios, around 48% and 68%, while ratios for 
PT and PV ratios are higher at 71% and 82%, respectively. 
The difference in the energy transfer can be attributed to 
the frequency content of the loading. Moreover, the energy 
transfer ratio for the projectile impact increases with the 
projectile length. For instance, the energy transfer ratio for a 
2.5 mm projectile impact results in 22% transferred energy. 
The results demonstrate that, unsurprisingly, the energy 
attenuation is more favorable when the incident frequency 
content is concentrated around the bandgap frequency.

In conclusion, the MM outperforms the monolithic slab 
under all loading conditions except for PT, in which it expe
riences a higher absolute energy transfer at the first inter
face. However, the energy transfer decay is substantial for all 
loading conditions, and generally, the downstream interfaces 
show lower absolute energy transfer. Moreover, the wave 
slows down substantially in all cases. In the next section, the 
comparison expands further, considering other types of 
non-resonant unit cells.

3.3. Comparison with non-resonant microstructures and 
heuristic optimization

3.3.1. Comparison slabs
This study compares the stress and energy metrics of H-cell 
arrays with the monolithic, equal gap, and square gap cells 
given in Figure 1. This comparison helps isolate the specific 
benefits of the resonant architecture versus other potential 
microstructures. The analysis conducts comparisons with the 

30 m/s, 20 mm projectile and transmitting back-face bound
ary, as explained in the previous sections. All slabs have 8 
unit cells (or the same thickness in the case of the mono
lithic slab), excluding protective monolithic cells on both 
ends.

The average stress and energy transfer results obtained 
from the comparison of these unit cells are plotted in 
Figures 7a and b, respectively. The average stress plot 
depicts the substantial decrease in the maximum stress mag
nitude of the MM when compared with the other slabs. The 
other microstructured slabs also create tensile release waves, 
similar to the MM. Even though the other comparison cells 
indicate wave slowdown, the results show that the MM per
forms best in that metric. Furthermore, the energy transfer 
is significantly lower than that of the other slabs. The final 
energy transfer value is around 33% lower for the MM than 
for the monolithic design. In comparison, the energy reduc
tion for the next best design (equal gap) is only around 
18%. These observations underline the importance of the 
resonant microstructure compared to simple cellular ones 
for the mitigation of stress waves.

3.3.2. Heuristic designs
In this section, possible nonuniform (graded) MM arrays 
are explored to improve the impact response of the structure 
further. A 16-cell MM slab has been modified by changing 
the material properties after every four cells, thus resulting 
in a four-by-four structure shown in Figure 8b. In practice, 
it is far more feasible to create such a gradation through 
geometric modifications. However, for the sake of computa
tional consistency and speed, the concept is tried here using 
density and modulus modifications. To study directionality 
considerations, the same slab has been flipped and analyzed, 
as shown in Figure 8c. To showcase the performance differ
ence, the initial four-cell group (A) has kept the same prop
erties as alumina, and the following groups’ densities and 
Young’s moduli are modified to have bandgaps centered 
around two times lower bandgap frequencies progressively:

qA ¼
qB
2
¼

qC
4
¼

qD
8

, (1) 

EA ¼ 2EB ¼ 4EC ¼ 8ED: (2) 

Consequently, the wave speed is also modified and 
decreased by a factor of 2 each time from A to B to C to D. 

Figure 6. Energy transfer magnitude ratios at the penultimate and incident 
interfaces.
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On the other hand, the impedances are equal to those of the 
original material, that is, for cells A. For a unit-cell that 
behaves like a simple mass-spring resonator, which is a first- 
order model for sub-wavelength locally resonant MM, the 
resonance that opens the bandgap is set by [55]:

fr ¼
1

2p

ffiffiffiffi
k
m

r

�
1

2p

ffiffiffiffiffiffiffi
cE
qV

s

, (3) 

where fr; c, and V are the intrinsic resonance, the wave 
speed, and the volume, respectively. k / E is the effective 
stiffness and m / q is the resonator mass (geometry held 
fixed, so c=V is constant). Hence, the bandgap’s center fre
quency scales with the square root of the modulus-to-dens
ity ratio, fr /

ffiffiffiffiffiffiffiffi
E=q

p
:

Replacing alumina (material A) with materials B, C, or D 
whose moduli and densities satisfy Equations (1) and (2)
multiplies the center frequency by the factor:

k ¼

ffiffiffiffiffiffiffiffiffiffiffi
E=EA

q=qA

s

) f new
r ¼ k f A

r : (4) 

The resulting shifts, keeping the original 20 to 40 kHz 
gap of alumina (material A) as a reference, are listed in 
Table 2.

The energy transfer plots for uniform material, A-to-D, 
and D-to-A graded slabs are given in Figures 8a–c, respect
ively. The superior performance of graded configurations 
stems from fundamental wave-metamaterial interaction 
mechanisms. In uniform arrays, energy “capture” capacity 
quickly stagnates because all cells share identical resonance 
characteristics, leading to spectral filtering that progressively 
mismatches downstream cells with the modified wave con
tent. Graded designs overcome this limitation through sys
tematic variation of local resonance frequencies that 
maintain optimal wave-cell interaction throughout the 
structure.

The A-to-D configuration (decreasing stiffness and 
increasing density toward the back face) creates a cascade of 
successively lower resonance frequencies that sequentially 
engage with the wave as its spectral content shifts. This 
sequential resonance mechanism enables broadband energy 
capture, where each cell group optimally attenuates different 
frequency components of the incoming wave. The imped
ance-matched design (constant acoustic impedance across 
materials) ensures efficient energy transfer between cell 
groups, while the varying wave speeds create additional 
wave interaction time scales that enhance overall attenu
ation. Conversely, the D-to-A configuration concentrates 
most attenuation in the first group, demonstrating the 

Figure 7. Comparison of (a) average stress and (b) energy transfer as functions of time at the final interface for MM and comparison slabs with transmitting bound
ary condition on the back-face under projectile impact.

Figure 8. Energy transfer comparison for the uniform and graded designs: (a) uniform slab, (b) A-to-D corresponding to increasing q and decreasing E toward the 
back face, and (c) D-to-A.
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critical importance of resonance frequency ordering in 
graded designs.

The effect of the difference in wave speed of the materials 
can be clearly seen in the wave arrival time at the final 
interface. When the heavier and slower cell is in the front, 
the energy transfer magnitude is lower, and the wave arrival 
time is longer. The terminal energy magnitude of the D-to- 
A slab is 6.5 times lower than that of the uniform slab. 
Relative to the 8-cell uniform MM slab, the A-to-D and D- 
to-A graded slabs reduce transmitted energy at the penulti
mate interface by 3.6 and 6.3 times, respectively. In other 
words, the A-to-D and D-to-A graded slabs provide 72% 
and 84% improvements over the base case uniform slab, 
respectively. These are particularly encouraging results that 
show the impact of graded MM design. Further investigation 
is needed to better understand the possible geometric 
designs that can achieve this performance.

3.4. Effect of material damping

Material damping is a critical mechanism for energy attenu
ation. Especially for MMs, damping can be used as an 
advantageous mechanism to reduce energy transfer further. 
For this reason, material damping is added to the linear 
finite element model of the MM and monolithic slabs, and 
the behavior is explored for different damping constants. 
Material damping in finite element modeling can be treated 
with mass-proportional or stiffness-proportional damping. 
LS-DYNA calculates internal forces by integrating stresses 
over the element area. Damping forces are added to these 
forces by [56],

an ¼ M−1 Pn − Fn − Fn
damp

� �
, (5) 

where an is the acceleration vector, M is the mass matrix, Pn 

and Fn are the external and internal load vectors, respect
ively, and Fn

damp is the damping force, calculated by [57],

Fdamp ¼
X

Dsmv ¼
X

4pf fmv, (6) 

where Ds is the damping constant, m is the node’s mass, v 
is the node’s velocity vector, f is the nondimensional modal 
damping ratio, and f is the damping frequency. The summa
tion 

P
refers to the assembly of nodal forces to Fdamp. 

Another constant that describes damping is the quality fac
tor or internal friction, Q−1 ¼ 2f [58]. Deduced from the 
reported Q−1 in [59], the critical damping ratio for alumina 
at room temperature is f ¼ 2:5� 10−5:

Next, we relate the damping force to the Rayleigh damp
ing. Damping can be modeled using classical Rayleigh 
damping, where the damping matrix, C; is calculated by a 

linear combination of mass and stiffness matrices, M and K;
respectively [56,60],

C ¼ aMþ bK, (7) 

where a and b are the Rayleigh damping coefficients. The 
contribution from the a term is equivalent to the damping 
force in Ds: More specifically, a ¼ 2pf f; where f is the fre
quency for which the value of the nondimensional modal 
damping ratio f is measured. This corresponds to f �
10 kHz in [59], resulting in a baseline a of around 1:6=s:
As for an upper bound for a; the critical damping ratio 
for alumina with a void ratio of 2% can go up to f ¼ 0:01 
[61]. This is a realistic upper bound to consider for 3D- 
printed ceramics, since, depending on the printing parame
ters, such void ratios can be observed. The corresponding 
a to this upper bound f is around 600=s: Because the 
actual damping parameter of the ceramic is ambiguous, the 
subsequent analysis uses a values ranging from around 
10−2 to 106=s: This not only contains the range of values 
reported based on the results in [59] and [61] but also can 
examine how the response is affected by lower and higher 
damping values.

To test robustness, we repeat the MM and monolithic 
comparison under pure stiffness-proportional Rayleigh 
damping. We choose b so that the modal values match the 
fðxÞ achieved by the a values provided above. For a mode 
with circular frequency x ¼ 2pf ; classical Rayleigh damping 
gives the nondimensional modal damping ratio and the 
modal energy decay rate as [62],

fðxÞ ¼
a

2x
þ

bx

2
, (8) 

_Eðx, tÞ ¼ −2fðxÞxEðx, tÞ ¼ − aþ b x2
� �

Eðx, tÞ, (9) 

where a (1/s) and b (s) are the mass- and stiffness-propor
tional coefficients shown in Equation (7), Eðx, tÞ is the 
modal energy, and _E is its time derivative, or the modal 
energy decay rate. To compare a-only and b-only cases 
with equal dissipation, we match the per-mode damping at 
a reference circular frequency xref ¼ 62 831 rad=s from 
[59],

faðxrefÞ ¼ fbðxrefÞ ()
a

2xref
¼

bxref

2
) b ¼

a

x2
ref
:

(10) 

In this work, the classical Rayleigh damping, C ¼
aMþ bK; is strictly used as a computational surrogate for 
small-strain dissipation. Neither the aM nor the bK is a 
physics-based constitutive law for additively manufactured 
alumina1. In Equation (8), aM implies unrealistically large 
damping as x! 0 and bK implies unbounded damping as 
x!1: Real ceramics exhibit mechanisms such as micro
crack friction/closure, grain-boundary sliding, pore-interface 
slip, and microplasticity; these are frequency-, amplitude-, 
temperature-, and history-dependent, generally non- 

Table 2. Scaling of the bandgap center frequency when substituting material 
A (alumina) by materials B–D.

Material E=EA q=qA k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE=EAÞ=ðq=qAÞ

p
New bandgap (kHz)

A (baseline) 1 1 1 20–40
B 1=2 2 1=2 10–20
C 1=4 4 1=4 5–10
D 1=8 8 1=8 2.5–5

1However, they are widely used in TD analysis because of their relative ease 
of implementation (e.g., no convolution operator is required).
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proportional, and are better represented by complex moduli 
(e.g. nearly constant loss factors over bands [63]), hysteretic 
models, or explicit damage/fracture laws. Consequently, cali
brating ða, bÞ at one or two anchor frequencies can mimic 
target modal loss locally, but predictions outside those bands 
lack physical fidelity. Thus, aM and bK are employed only 
to investigate whether trends persist under different loss 
models. The magnitude attenuations obtained should be 
treated as preliminary, and the actual material loss should 
be calibrated by experiments. We refer the reader to [63] 
and [64] for a more detailed comparison of various loss 
models. We will next discuss the effect of the two damping 
models on the performance of MM and monolithic slabs.

Figure 9a compares energy transfer at different interfaces 
for varying a and for MM and monolithic designs. The 
energy transfer values are normalized with respect to the 
energy of the first interface of the lossless case, similar to 
the analysis in Section 3.2.2. What stands out in this figure 
is the vast disparity between the energy transfer difference at 
the final interface for the same damping constant, i.e. a ¼
102=s: The energy transfer difference with the lossless sys
tem becomes significant for damping constants higher than 
102=s: Even though the reported damping constant of alu
mina from [59] is smaller than this value, as discussed 
above, larger a can be encountered for higher void ceramics 
[61]. Likewise, changing to a different material with a higher 
damping constant may also take advantage of lower stress 
magnitude and energy transfer.

To compare the effect of different damping coefficients 
for the MM and monolithic slabs, the energy transfer at the 
final interface for the damped slabs (E) is subtracted from 
the lossless system (E0) and normalized with respect to E0:

A value close to zero ( log ð1 − E=E0Þ ! −1) means that 
the lossy system provides no advantage in further energy 
decay relative to the lossless one, while as this ratio tends to 
one ( log ð1 − E=E0Þ ! 0). The damping has a significant 
effect and reduces the relative energy transfer to zero. Figure 
9b plots the normalized energy ratio of both slab designs 
against a: The slopes of the log-log curves are equal to one. 

A one-dimensional analysis, not presented here for brevity, 
confirms this slope for the monolithic design. The energy 
transfers in both cases are getting closer to zero for high 
damping constants. For the lower damping constants, there 
is a constant difference between the MM and monolithic 
that can be attributed to the higher structural damping cap
acity of the MM. That is, there is even an added benefit 
relative to a monolithic material response in terms of the 
energy decay of the MM design when material damping is 
considered. This higher potential can be exploited for energy 
mitigation applications such as impact and blast protection.

With the matched b targets using Equation (10), trends 
in transmitted energy at the penultimate interface remain 
qualitatively unchanged for the middle damping range. 
Because the metamaterial shifts spectral energy toward lower 
x (resonant trapping/dispersion), b-loss is intrinsically less 
effective at very low x than a-loss, explaining the observed 
convergence of MM and monolithic for b! 0; at inter
mediate and higher x the trends re-separate. Full curves 
and parameters are provided in Supplement SM-1. Large b 

values imply smaller time steps, necessitating an implicit 
time-integration scheme. To meet this requirement, the ana
lysis uses 4-cell slabs (with protective monolithic cells at 
both ends, as explained in Section 3.1.2) and a prescribed 
traction loading condition.

4. Summary and conclusions

This linear TD study demonstrates that the proposed locally 
resonant architecture slows and redistributes stress waves 
and, within the mass-proportional Rayleigh damping model, 
amplifies dissipation relative to monolithic and non-reson
ant microstructures. These are pre-failure mechanisms: they 
act before nonlinear damage initiates. As such, the conclu
sions should be interpreted as architectural potential for 
managing waves rather than as established protective per
formance under severe impact. The essential next step is a 
nonlinear study (progressive damage, rate effects, contact in 
cavities) and experiments on printed alumina to validate the 

Figure 9. (a) Normalized energy transfer comparison for different damping constant values for aM: values for MM are shown with lines and markers, whereas 
monolithic is shown with markers only. (b) Normalized difference of damped and lossless energy transfers plotted against the damping constant a (s−1) for the MM 
and monolithic slabs. Markers represent the values used in the simulations.
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protective value. We therefore position grading and reson
ance-based slowdown as strategies that could delay damage 
initiation, pending nonlinear/external validation. The key 
findings from this systematic investigation include:

1. Effect of domain size: The number of cells in the MM 
slab reaches optimal performance only after (in this 
case) eight cells. Beyond this threshold, changes in the 
frequency content of the propagating wave inhibit fur
ther energy transfer reduction due to the narrow band
width limitations of uniform cell designs. The 
performance saturation occurs because downstream cells 
encounter waves with modified spectral content that no 
longer align optimally with their resonance 
characteristics.

2. Loading type dependency: The nature of the loading 
affects the response drastically due to the frequency- 
dependent characteristics of metamaterial bandgaps. 
Shorter projectile impacts generate broader frequency 
content that better excites the resonant elements, result
ing in enhanced energy attenuation (22% energy trans
fer for 2.5 mm projectiles versus 68% for 20 mm 
projectiles). Blast and projectile loading achieve superior 
performance (48% and 68% energy transfer ratios) com
pared to prescribed traction and velocity conditions 
(71% and 82%) due to frequency content alignment 
with the metamaterial.

3. Comparison with alternative designs: The resonant 
metamaterial architecture demonstrates superior per
formance compared to monolithic and other micro
structured designs through unique wave attenuation 
mechanisms. The H-cell resonator creates internal 
degrees of freedom that engage with incident waves 
through local resonance, fundamentally different from 
simple geometric effects in non-resonant microstruc
tures. Peak energy transfer at the final interface reaches 
up to 78% and 60% lower than monolithic and equal 
gap designs, respectively. The metamaterial achieves a 
five-fold increase in wave arrival time while reducing 
stress peak multiplicity.

4. Graded design mechanisms: Graded designs overcome 
the performance saturation through systematic variation 

of local resonance frequencies that maintain optimal 
wave-cell interaction throughout the structure. These 
configurations create a cascade of successively lower res
onance frequencies that sequentially engage with the 
wave as its spectral content shifts, enabling broadband 
energy capture where each cell group optimally attenu
ates different frequency components. Graded designs 
can provide up to 84% improvement in lowering the 
energy transfer over the uniform design.

5. Material damping amplification: Metamaterial struc
tures exhibit multiplicative enhancement of material 
damping effects compared to conventional designs 
when using the mass-proportional Rayleigh damping 
model. The resonant microstructure amplifies energy 
dissipation mechanisms, achieving up to four times bet
ter performance than monolithic slabs for equivalent 
damping coefficients. This amplification occurs because 
the resonant elements create internal wave motion that 
increases the effective path length and interaction time 
for dissipative mechanisms.

Further research should investigate the nonlinear 
response of the structure. Material damping and failure 
account for energy dissipation while drastically changing the 
stress wave profile. Preliminary results, accounting for 
material failure (to be presented in an upcoming publica
tion), indicate that the MM slab significantly improves the 
energy transfer attenuation compared to the monolithic slab, 
even in the presence of widespread failure. Planned nonlin
ear studies include progressive damage modeling with rate- 
dependent material behavior under high-velocity impact, 
and contact dynamics within resonator cavities during 
extreme loading. Experimental validation through ballistic 
testing of additively manufactured ceramic specimens will 
complement computational findings, focusing on energy dis
sipation measurements, failure pattern characterization, and 
validation of graded design performance under controlled 
impact conditions. Further analysis focusing on 2D wave 
propagation in MM structures has also underlined the 
potential to leverage anisotropic wave speed with designs 
developed using generative neural networks to improve 
impact mitigation further using microstructured media [65].

Figure 10. Schematic representation of interfaces at the slab with average stress and velocity values plotted against time. Metamaterial slabs have protective 
monolithic cells on both ends.
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Appendix A: Computation of interface TD and FD 
quantities

Quantitative comparisons are conducted by spatial averaging of the 
quantities of interest over the interface areas between unit cells (and 
the same locations for the monolithic slab), and tracking the temporal 
evolutions of these average quantities. Interfaces numbering, along with 
example average stress and velocity quantities, are illustrated in Figure 
10. Here, the average stress and velocity values are plotted in two dif
ferent time axes for the first three interfaces. lp and v0 are the projectile 
length and initial speed, respectively, while w is the width, which is 
fixed to 10 mm. Traction at a node as a function of y-coordinate and 
the time, t is calculated by,

TðnÞðy, tÞ ¼ rðy, tÞ � n, (11) 

where r is stress interpolated at the nodes and n is the normal vector. 
Then, the energy flux density per unit time and spatial area, i.e. power, 
(P) and the energy transfer (E) at the interface are calculated as:

Pðy, tÞ ¼ TðnÞðy, tÞ � vðy, tÞ, (12) 

EðtÞ ¼
ðt

0

ðw=2

−w=2
Pðy, tÞdy dt: (13) 

The results are plotted as stress and energy at the interfaces 
between unit cells. Two metrics have been used to evaluate the per
formance: energy mitigation and slowdown of waves. The energy trans
fer ratio is obtained using the ratio of the energy transfer of the last 
interface to that of the first one. The half-time quantifies the time it 
takes for the energy transfer to reach half of its peak value at each 
measurement location and is used to measure wave slowdown. These 
values have been used to compare the MM slab with the monolithic 
and the other comparison slabs.

TD results are turned into FD by applying the Fourier transform 
(FT) to the spatial averages of stress and velocity. The FT of energy 
flux density P is obtained from the Poynting relation as:

P̂ðy, xÞ ¼ 0:5Re dTðnÞ ðy, xÞ � v̂�ðy, xÞ
h i

, (14) 

where f̂ and z� stand for the Fourier transform of function f and com
plex conjugate of number z, respectively, and Re is the real operator. 
The angular frequency is denoted by x: We apply the Poynting rela
tion to the average traction and the conjugate of the average velocity 
vectors to analyze the frequency content of the energy transfer.
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