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Abstract

Fatigue-critical response in polycrystalline metals is governed by extreme statistics of heterogeneous cyclic-

plasticity fields, where grain-scale hot spots control crack initiation. Direct crystal-plasticity finite-element

(CPFEM) simulation resolves these fields, but its cost limits ensemble-scale fatigue assessment. We present

a hierarchy-aware multi-task graph neural network that maps austenitic stainless steel statistical volume

elements (SVEs) to per-grain and per-SVE statistics of voxel-level fatigue indicator parameter (FIP) fields.

The predicted hierarchy includes within-grain FIP distribution parameters, per-grain peak FIPs, within-

SVE statistics of grain-level peaks, per-SVE maximum FIPs, and volume-averaged mechanical quantities of

interest. The framework is evaluated across four cases obtained by crossing Fatemi–Socie and plastic-work-

based FIPs with high- and low-cycle fatigue loading over five SVE edge lengths. Beyond direct prediction of

the per-SVE maximum by a graph-level head, we derive a closed-form extreme-value bridge from a mixture

model for within-SVE per-grain peaks, combining an effectively inactive Dirac component at zero with an

active-grain Gumbel component. The graph-level head predicts the per-SVE maximum directly and is the

practical estimator across all four cases. Evaluated as a reference with the true within-SVE moments, the

closed-form bridge attains the lowest error among the tested estimators, exceeding the trained head on three

of four cases and matching it on the fourth; this reference sets the attainable ceiling of the extreme-value

map. With predicted moments instead, the bridge remains accurate on the high-cycle cases, where the

per-grain head preserves the active-grain upper tail, but degrades substantially on the low-cycle cases. A

size-controlled analysis shows that direct prediction captures the size scaling of the maximum but not its

within-size variation, which the reference bridge recovers from the lower-level statistics.

Keywords: crystal plasticity; fatigue; graph neural network; extreme-value statistics; fatigue indicator

parameter; statistical volume element



Nomenclature1

Statistical operators act over the population named in the conditioning: M(· | ·) maximum, A(· | ·) average,2

and σ(· | ·) standard deviation. Subscripts carry the conditioning: v | g voxel-in-grain, g | S grain-in-SVE3

with subsets ga | S grain-active and gi | S grain-inactive.4

Symbol Meaning

fv voxel-level FIP within a grain

Mg = M(fv | g) per-grain peak (maximum over voxels)

Ag = A(fv | g) within-grain mean

µln
g , σln

g within-grain lognormal location and scale of ln fv

MS = M(Mg | S) per-SVE maximum (the engineering extreme)

µg|S , σg|S mean and standard deviation of {Mg}g∈S

ϕgi|S , ϕga|S grain-inactive and grain-active fractions in S

A(S) active-grain subset {g : Mg > µg|S + σg|S}

Ng|S , Nga|S number of grains, number of active grains in S

αga|S , βga|S active-component Gumbel location and scale

µga|S , σga|S mean and standard deviation on the active subset A(S)

γE Euler–Mascheroni constant

M̂g, M̂S predicted per-grain peak and per-SVE maximum

D dedicated per-SVE-maximum graph head

EVTBt, EVTBp EVT bridge from truth / predicted per-grain moments

σ̂a,g, σ̂a,S aleatoric predictive scale, per grain / per SVE

σ̂e epistemic predictive scale (Monte-Carlo dropout)

5

1. Introduction6

Cyclic loading drives fatigue failure in metallic alloys through rare localization events rather than through7

the average macroscopic response. Classical Basquin [1] and Coffin–Manson [2, 3] laws capture population-8

mean stress-life or strain-life trends, but they cannot by themselves resolve the microstructure-sensitive9

variability that controls the lower tail of fatigue life in engineering-critical regimes such as high-cycle fatigue10

(HCF) in turbine alloys and low-cycle fatigue (LCF) in landing-gear steels [4–8]. In polycrystals, crack11
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nucleation is often governed by extreme cyclic-plastic activity at the grain and sub-grain scale. The relevant12

quantity is therefore not a macroscopic average, but the upper tail of a heterogeneous local field.13

Crystal-plasticity finite-element modeling (CPFEM) is a physics-based method for resolving this local-14

ization. It captures cyclic slip, hardening, and the resulting fatigue-driving fields at the grain and sub-grain15

scales [9–16]. Modern CPFEM simulations can resolve hundreds to thousands of grains within a Rep-16

resentative Volume Element (RVE) or Statistical Volume Element (SVE) using slip-system hardening laws17

calibrated against macroscopic experiments and single-crystal data [17–19]. Prior SVE studies show that the18

size required for statistical convergence of homogenized responses depends on the response quantity: elastic19

properties generally converge at smaller sizes than plastic properties, while monotonic and cyclic responses20

can exhibit different size dependence [20, 21]. Such high-fidelity simulations are well suited to studying21

microstructure-sensitive fatigue localization. However, their computational cost limits ensemble-scale anal-22

yses spanning many microstructural realizations, SVE sizes, loading regimes, and sources of uncertainty.23

Fatigue indicator parameters (FIPs) are commonly used to summarize CPFEM cyclic-plasticity fields24

through scalar quantities associated with crack initiation. The Fatemi–Socie indicator (FIPFS) [22, 23]25

combines cyclic shear-strain amplitude on a slip plane with a tensile normal-stress factor on the same26

plane, and is commonly used as a critical-plane proxy for stage-I slip-band crack initiation under HCF27

conditions [24–29]. The plastic-work-based indicator (FIPWP) [30, 31] accumulates the per-cycle plastic-28

energy density over slip systems, and acts as an energy-density proxy for damage accumulation under29

LCF conditions where multiple slip systems are active [31–35]. These indicators are local fields, not single30

deterministic material constants. Their grain-scale hot spots and per-volume maxima therefore inherit the31

heterogeneity of the underlying microstructure and exhibit pronounced SVE-size dependence [21].32

This observation connects microstructure-sensitive fatigue prediction to extreme-value theory (EVT).33

Voxel-level FIP fields define within-grain distributions; within-grain extremes define per-grain peak FIPs;34

the collection of per-grain peaks within an SVE defines a within-SVE distribution; and the maximum over35

that distribution defines the per-SVE extreme (Figure 1). When the underlying distribution belongs to36

the Gumbel maximum domain of attraction, the cross-volume maximum approaches a Gumbel form under37

appropriate centering and scaling [36–40]. This framing is consistent with recent microstructure-sensitive38

fatigue studies [21, 41–46]. At the finite grain counts encountered in engineering SVEs, however, second-order39

corrections, finite-size effects, and working-model assumptions can strongly influence the predicted upper40

tail [39, 40]. A surrogate for fatigue criticality should therefore preserve the statistical hierarchy of the41

CPFEM field, rather than reduce the response to a single bulk-level homogenized scalar value. Uncertainty42

quantification (UQ) is also required because both the grain-level hot spots and the per-SVE maximum are43

tail-sensitive quantities.44

Materials machine learning has increasingly been used to accelerate structure-property prediction, but45

fatigue-localization surrogates require both tail sensitivity and uncertainty awareness. Heteroscedastic Gaus-46
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FIP-head targets are produced for each of the four cases (HCF/LCF × FS/WP).

Figure 1: Hierarchy-aware FIP surrogate (case HCF/FS) across length scales: voxel → grain → SVE → ensemble (smallest size,

LSVE = 125µm, 30 grains). Grains are graph nodes (edges are face adjacencies) with periodic boundaries on all faces. Boxes

list the prediction targets at each scale; the small plots show the statistical model at each level (within-grain fv lognormal,

within-SVE peaks Mg mixture, cross-SVE MS Gumbel).

sian negative log-likelihood (NLL) provides a way to learn feature-dependent predictive scales [47–49],47

while Monte Carlo dropout (MCD) approximates epistemic uncertainty through stochastic inference [50–52].48

These approaches have been used in materials property prediction and crystal-plasticity contexts [53–55].49

For fatigue-critical quantities, however, uncertainty must be assessed at the same levels as the target itself:50

the grain-level hot spots and the per-SVE maximum.51

Graph neural networks (GNNs) provide a natural surrogate architecture for polycrystalline microstruc-52

tures because grains can be represented as nodes and grain–grain contacts as edges [56–65]. Message passing53

aggregates crystallographic, morphological, and neighborhood information into per-grain embeddings, while54

graph pooling produces per-SVE predictions. Prior CPFEM-surrogate studies have predicted per-grain55

mean FIPs, bulk-volume FIPs, or related SVE-level responses [42, 64, 66–68] using either ML methods56

or statistical methods. A multitask grain-graph surrogate has also been developed to predict SVE-level57

homogenized elastoplastic quantities of interest and stress–strain responses in dual-phase polycrystals [69].58

A surrogate framework that predicts tail-relevant statistics across the voxel, grain, and SVE levels, tests59

whether an extreme-value scale bridge can reconstruct the per-SVE maximum from lower-level statistics,60

and evaluates uncertainty coverage on the same hierarchy has not yet been reported.61

In this work, we address this gap using a hierarchy-aware graph surrogate for CPFEM-derived FIP fields62

in austenitic stainless steel. Both FIPFS and FIPWP are evaluated under HCF and LCF loading regimes,63

producing four FIP cases per SVE that share the same microstructure but differ in the post-processing of64

the cyclic-plasticity response. Across all four cases, the engineering target is the per-SVE maximum FIP,65
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because fatigue life is governed by the most damaging local event. The surrogate predicts within-grain FIP66

distribution parameters, per-grain peak FIPs, within-SVE statistics of grain-level peaks, per-SVE maximum67

FIPs, and volume-averaged mechanical auxiliary quantities produced by the same CPFEM simulations.68

The contributions of this work are threefold. First, we develop a multi-task grain-graph surrogate69

that predicts four nested FIP statistics: within-grain distribution parameters, per-grain peaks, within-SVE70

moments of those peaks, and per-SVE maxima jointly across the four cases obtained by crossing FIPFS and71

FIPWP with HCF and LCF loading. Six volume-averaged mechanical auxiliary quantities are co-trained on72

the same encoder, and held-out prediction-interval coverage (computed on the test split) is reported at both73

the grain and SVE levels. Second, we derive a closed-form Gumbel-mean scale bridge from a two-component74

mixture working model on the within-SVE distribution of per-grain peaks: an effectively inactive component75

at zero combined with an active-grain Gumbel component. The active-grain fraction takes alloy- and regime-76

specific values on this dataset and is treated as a measured property of the cyclic-plasticity response rather77

than a free hyperparameter. Third, we use the comparison between the trained graph head, the bridge with78

empirical within-SVE moments, and the bridge with predicted moments as a diagnostic that separates the79

structural extreme-value map from the practical quality of per-grain prediction.80

Three aspects of this work are new. First, to our knowledge the maximum over the domain has not81

previously been predicted with neural networks; the surrogate introduced here is extreme-value- and hot-82

spot-aware. Second, four fatigue cases are treated and contrasted within one model. Third, taking the83

maximum of the per-grain predictions to estimate the domain maximum is shown to be inaccurate for fatigue,84

and a theoretical scale bridge that estimates the maximum from the per-grain distribution is introduced in85

its place. This comparison has no prior counterpart in microstructure-sensitive fatigue surrogate work.86

Section 2 describes the CPFEM dataset, the FIP definitions, the multilevel statistics, and the Gumbel-87

mean bridge. Section 3 presents the graph construction, input features, multi-task architecture, training88

objective, and interpretation protocol. Section 4 reports the four-case results, including the direct-versus-89

bridge comparison, prediction-interval coverage, and mechanical auxiliary predictions. Section 5 summarizes90

the implications and limitations.91

2. Dataset and CPFEM modeling92

2.1. Crystal-plasticity simulation and fatigue indicator parameters93

The dataset originates from the CPFEM simulations of periodic austenitic stainless steel SVEs reported94

by [21] and is used here without modification. The polycrystals are single-phase, face-centered-cubic (FCC),95

with random crystallographic orientations, statistically isotropic grain morphologies, and a mean equivalent-96

spherical grain diameter of 50µm. The microstructures are generated in DREAM.3D [70]. The complete97

crystal-plasticity formulation, material parameters, grain-size distribution, finite-element discretization, and98
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periodic boundary conditions are given in [21] and are not repeated here. General treatments of crystal-99

plasticity models are given in [10, 11]. This subsection summarizes the loading conditions and the two100

voxel-level FIPs used as surrogate targets. The SVE ensemble and data partitions are given in Section 2.2.101

The applied loading is fully reversed strain control at macroscopic strain amplitudes εamp = 0.001 and102

0.0055, approximately 0.5 and 2.75 times the macroscopic yield strain, respectively. The case at εamp = 0.001103

is referred to as the high-cycle-fatigue (HCF) regime and is predominantly elastic with sparse plastic activity.104

The case at εamp = 0.0055 is referred to as the low-cycle-fatigue (LCF) regime and has multiple active slip105

systems with stabilized plastic hysteresis. The voxel-level FIPs are evaluated from the stabilized cyclic106

response.107

Two voxel-level indicators are evaluated for complementary fatigue-localization mechanisms. The plastic-108

work-based indicator FIPWP(x) is the plastic energy density accumulated over one stabilized cycle at voxel109

x [25, 30],110

FIPWP(x) =

Nslip∑
α=1

∫
cycle

τα(x) γ̇α(x) dt, (1)

where τα is the resolved shear stress and γ̇α is the slip rate on slip system α. The sum over the twelve FCC111

slip systems represents the accumulated cyclic plastic energy at the voxel.112

The crystallographic Fatemi–Socie indicator FIPFS(x) combines the cyclic shear-strain amplitude on a113

slip system with the maximum tensile normal stress on the same slip plane [22, 24],114

FIPFS(x) = max
α

∆γα(x)

2

(
1 + k

σα
n(x)

σy

)
, (2)

where ∆γα is the cyclic shear-strain range on slip system α, σα
n is the tensile normal stress on the same slip115

plane, k is the Fatemi–Socie material parameter, and σy is the macroscopic yield stress. The maximum over116

slip systems selects the most damaging crystallographic plane at each voxel, making FIPFS a critical-plane117

proxy for slip-band crack initiation. Combining the two FIP definitions with the two loading regimes gives118

four cases: C = {HCF/FS, HCF/WP, LCF/FS, LCF/WP}, that index the analysis in the remainder of the119

paper. Each case c ∈ C defines its own voxel-level FIP field fv. The four fields are analyzed in parallel and120

form the voxel level of the statistical hierarchy used in this work.121

2.2. SVE ensemble and four-case dataset122

The ensemble contains microstructure variability and SVE size effects simultaneously, so the surrogate123

is exposed to statistical heterogeneity both within one size and across sizes. Periodic cubic SVEs are124

voxelated at a fixed voxel edge length of 8.5µm, yielding approximately 105 Hex8 finite elements per grain125

on average [21]. Five SVE edge lengths are sampled, LSVE ∈ {125, 177, 250, 354, 500}µm, spanning mean126

grain counts N̄g|S from 30 to 1883 across the size range (Table 1). Figure 2 shows one representative SVE127

from each size bucket, with the grain count for that specific realization annotated. Between approximately128
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140 and 200 independent microstructure realizations are generated per size bucket, capturing variability129

from the random grain morphology and crystallographic orientation distributions.130

Table 1: Four-case SVE dataset partitioned by edge length LSVE and SVE index.

NS

size bucket LSVE (µm) N̄g|S train validation test total

b0 125 30 180 10 10 200

b1 177 83 179 10 10 199

b2 250 233 180 10 10 200

b3 354 664 180 10 10 200

b4 500 1883 127 7 7 141

total 846 47 47 940

Figure 2: Voxelated SVE microstructures at the five edge lengths LSVE ∈ {125, 177, 250, 354, 500}µm for one representative

realization per bucket. Grains are colored by integer index. The annotated grain counts (N = 30, 82, 234, 665, 1879) correspond

to these specific realizations and lie close to the ensemble means.

Figure 3: One SVE from the LSVE = 250µm size bucket (N = 234 grains, 293 voxels): (a) grain-id coloring, (b) per-voxel

FIPFS field on the same volume (LCF), and (c) the top-10% voxels of FIPFS that identify hot-spot localization (LCF).

Figure 3 maps a single SVE from the LSVE = 250µm bucket through the three views that motivate131

the statistical hierarchy of the problem: panel (a) shows the grain-id coloring, panel (b) shows the corre-132
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sponding per-voxel FIPFS field, and panel (c) highlights the top-10% voxels by FIPFS that identify hot-spot133

localization. The highest FIP values occupy a small subset of voxels within a small subset of grains, so134

the per-volume extreme cannot be represented by a volume average. The SVE ensemble is generated with135

random crystallographic texture, so no preferred orientation is imposed.136

The ensemble is partitioned at the SVE level into train, validation, and test subsets that are disjoint by137

SVE index, and the same partition is used for all four cases. This prevents the same microstructure from138

appearing in different splits through another FIP case, while preserving the case-symmetric structure used139

by the multi-task surrogate. Counts per size bucket are summarized in Table 1. The dataset corresponds140

to one alloy and one voxel resolution; cross-alloy and cross-resolution transfer is not evaluated here.141

2.3. Within-grain voxel-level distributions142

The first level of the statistical hierarchy is the population of voxel-level FIP values {fv}v∈g inside each143

grain. Voxels with zero FIP correspond to elastic regions and carry no logarithmic information, so they144

are removed before fitting. We test four candidate parametric shapes (lognormal, normal, Gumbel, and145

Weibull) using the Kolmogorov–Smirnov (KS) statistic on the non-zero within-grain population. Across the146

four FIP cases and five SVE size buckets, the within-grain population is well represented by a lognormal147

working model,148

ln fv
∣∣ g ∼ N

(
µln
g , (σln

g )2
)
, v = 1, . . . , Ng, (3)

where µln
g and σln

g are the within-grain log-location and log-scale. These two quantities are predicted directly149

by the surrogate’s per-grain head (Section 3.3).150

Median KS p-values per case-by-bucket combination are reported in Table A.1, computed on a stratified151

sample of approximately 20 grains per combination. The median plug-in KS p-value for the lognormal fit152

exceeds 0.05 in all 20 case-by-bucket combinations, and the lognormal is the largest-p shape in 11 of 20153

combinations, with the alternatives within 0.10 in the remaining nine. Because the distribution parameters154

are estimated from the same samples used in the KS test, these plug-in p-values are approximate rather155

than distribution-free. We therefore also perform a parametric bootstrap with M = 200 resamples per156

grain, drawing from the fitted lognormal model on ln fv and re-fitting the parameters on each resample.157

The bootstrap median p-value remains above 0.05 in all 20 case-by-bucket combinations, supporting the use158

of the lognormal as a working shape model for the within-grain FIP population. This evidence supports a159

compact empirical description of the within-grain bulk, that is, the main body of the distribution rather160

than its upper tail; it is not proof of an exact distributional law for that tail.161

The fitted log-scale σln
g varies across grains by more than an order of magnitude even at fixed LSVE, and162

is therefore retained as a per-grain target rather than collapsed into a single representative shape parameter.163

Two consequences follow. First, a scalar summary of the within-grain field, such as the arithmetic voxel mean164

Ag, discards the distributional information encoded in σln
g ; the per-grain peak Mg is therefore not recoverable165
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from the mean alone. Second, the lognormal working model on fv provides a compact description of the166

voxel-to-grain level of the hierarchy, which the next subsection connects to the within-SVE distribution of167

per-grain peaks.168

2.4. Within-SVE per-grain maximum distributions169

The next level of the statistical hierarchy is the population of per-grain peak FIPs within a single SVE.170

Define the per-grain peak FIP171

Mg := max
v∈g

fv = M(fv | g) , (4)

one per grain. Under cyclic loading at amplitudes near the macroscopic yield, only a subset of the grains172

in a given SVE accumulate appreciable plastic activity; the remainder contribute peak FIPs near zero.173

Conditional on a single SVE S with grain count Ng|S , we therefore adopt a two-component mixture working174

model on the within-SVE distribution of per-grain peaks175

Mg

∣∣S ∼ ϕgi|S δ(0) +
(
1− ϕgi|S

)
Gumbel

(
αga|S , βga|S

)
, g ∈ S, (5)

where ϕgi|S is the inactive-grain fraction and 1 − ϕgi|S the active-grain fraction in the SVE. The active-176

component Gumbel(αga|S , βga|S) has location αga|S and scale βga|S parameters. This choice is consistent177

with the within-grain working model of Section 2.3: Since Mg is the maximum of Ng lognormal voxel178

FIPs and the lognormal parent lies in the Gumbel maximum-domain of attraction [39], the per-grain peak179

distribution for active grains is approximately Gumbel at the voxel counts Ng of the present dataset. Inactive180

grains therefore have per-grain peaks near zero and do not enter the upper tail of the within-SVE distribution.181

The active-grain fraction 1 − ϕgi|S is identified per SVE from the empirical {Mg}g∈S distribution as182

1−ϕgi|S = Pr
(
Mg > µg|S +σg|S | S

)
, where µg|S and σg|S are the within-SVE mean and standard deviation183

of the full {Mg}g∈S sample. The Gumbel parameters of the active component are then estimated by the184

method of moments on the active subset A(S) = {Mg : Mg > µg|S + σg|S},185

βga|S = σga|S

√
6

π
, αga|S = µga|S − γE βga|S , (6)

where µga|S and σga|S are the sample mean and standard deviation of Mg ∈ A(S), αga|S is the Gumbel186

location parameter, and γE is the Euler-Mascheroni constant. The full within-SVE moments (µg|S , σg|S)187

enter through the active-subset threshold; the bridge formula in Section 2.5 consumes the active-component188

parameters (αga|S , βga|S) together with the grain count Ng|S .189

Empirically, the active-grain fraction is approximately invariant across the five SVE size buckets within190

each FIP case and varies between cases. Across the four FIP cases, the median active-grain fraction across191

all SVEs is 0.21 for HCF/FS, 0.19 for HCF/WP, 0.16 for LCF/FS, and 0.15 for LCF/WP, with case-to-192

bucket variation under 0.04 per case. Top row of Figure 4 shows the pooled within-SVE density of Mg for193
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each case together with the fitted mixture, decomposed into the inactive Dirac component near zero and194

the active-grain Gumbel component.195

Equation (3) is checked further through the standardized within-grain location of the per-grain peak,196

zg := (lnMg − µln
g )/σln

g . Because Mg is the largest of the Ng voxel values in the grain rather than a typical197

value, zg is not centered on zero. For Ng independent draws from Equation (3) the expected standardized198

maximum is E[zmax] ≈ Φ−1

(
Ng−

3
8

Ng+
1
4

)
, which gives 2.5 at the mean voxel count Ng ≈ 105 of this dataset and199

2.47 when averaged over the measured grain-size distribution. The measured mean is z̄g = 2.30–2.48 across200

the four FIP cases and five size buckets, with standard deviation approximately 0.47 and no systematic201

dependence on LSVE between Ng|S ≈ 30 and Ng|S ≈ 1900; it corresponds to the 99th percentile of the fitted202

within-grain lognormal. These values are slightly below the independent-sample reference, consistent with203

spatial correlation between neighboring voxels reducing the effective sample size below Ng. This within-grain204

size-invariance is the voxel-level counterpart of the bucket-invariance of the active-grain fraction reported205

above.206

2.5. Cross-SVE extremes and the EVT bridge207

The engineering-relevant target is the per-SVE maximum FIP, the maximum of the per-grain peaks of208

Equation (4) over the grains of one SVE,209

MS := max
g∈S

Mg = M(Mg | S) , (7)

one per SVE. It is predicted by the graph-level head of Section 3.3 and by the closed-form bridge derived210

below. Across an ensemble of SVEs at fixed LSVE, MS is itself a random variable, and earlier work on211

microstructure-sensitive fatigue [21, 41, 42] reports an approximately Gumbel cross-SVE distribution at212

sizes beyond the smallest size buckets. We observe the same empirical pattern across the four FIP cases and213

five size buckets (20 case-by-bucket combinations on 141 to 200 SVEs per combination, per Table 1): Gumbel214

hypothesis is not rejected by Kolmogorov–Smirnov at α = 0.05 in 19 of 20 combinations and is selected by215

the Akaike information criterion (AIC) in 14 of 20, with non-Gumbel-best combinations concentrated at the216

smallest size bucket where finite-size effects are strongest.1 Bottom row of Figure 4 visualizes the cross-SVE217

distribution of MS across the four FIP cases at LSVE = 250µm, as both density and cumulative distribution,218

together with the maximum-likelihood Gumbel fit per case.219

1Because the distribution parameters are estimated from the same samples used for the test, these plug-in p-values are

approximate similar to within-grain lognormal distribution in Section 2.3. We therefore also perform a parametric bootstrap

with M = 200 resamples per combination. Under this calibration the Gumbel hypothesis is not rejected at α = 0.05 in 15 of

20 combinations, against 10 of 20 for a lognormal and 7 of 20 for a normal fit to the same per-SVE maxima; the bootstrap

therefore separates the Gumbel form from the alternatives more clearly than the plug-in test, which is anti-conservative for all

three families. Three of the five Gumbel rejections fall at the smallest size bucket, where each SVE contains too few grains for

the block-maximum asymptotics to hold. We therefore treat the Gumbel form as the operative cross-SVE working model, best

supported at the larger SVEs.
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Figure 4: Two-level statistical cascade across the four FIP cases; probability density function (PDF) on the left axis, cumulative

distribution function (CDF) on the right. Top row: pooled per-grain peaks Mg with the fitted Dirac-plus-Gumbel mixture

(active fraction ϕga|S annotated, threshold µg|S +σg|S dashed). Bottom row: cross-SVE MS at LSVE = 250µm (nSVE = 200)

with the maximum-likelihood Gumbel PDF and CDF and the parametric-bootstrap Kolmogorov–Smirnov p-value.

The empirical cross-SVE Gumbel form is consistent with the within-SVE mixture working model of220

Section 2.4. Within an SVE, only the active-grain subpopulation contributes to the maximum, since the221

inactive-grain Dirac component places Mg near zero. Let A(S) denote the active subset of an SVE and222

Nga|S := |A(S)| its integer cardinality. Treating the active-grain peaks as independent and identically dis-223

tributed (iid) draws from Gumbel(αga|S , βga|S) and conditioning on Nga|S , the max-stability of the Gumbel224

family, a consequence of the Fisher–Tippett–Gnedenko theorem [36, 38, 39], gives225

MS

∣∣S, Nga|S ∼ Gumbel
(
αga|S + βga|S lnNga|S , βga|S

)
. (8)

The bridge method of this work uses the effective-count approximation Nga|S ≈ Ng|S(1 − ϕgi|S), replacing226

the integer active-grain cardinality by its expected value under the mixture. The corresponding analytical227

mean of MS is228

E
[
MS

∣∣αga|S , βga|S , Ng|S , ϕgi|S
]
≈ αga|S + βga|S

(
ln
(
Ng|S(1− ϕgi|S)

)
+ γE

)
. (9)

Equation (8) specifies a distribution for MS , and the bridge uses its mean, Equation (9), as the point estimate.229

The mean is used because the estimators are scored by squared-error criteria (R2 and RMSE in Section 4.2),230

and the mean of the fitted law minimizes the expected squared error under that law. The median and the231

mode of the same law, lower than the mean by βga|S(γE + ln ln 2) ≈ 0.21βga|S and βga|SγE ≈ 0.58βga|S ,232

would be used under absolute-error and modal criteria. Equation (9) is exact under the iid approximation233

on A(S) when the integer cardinality Nga|S is used; the effective-count form used in this work carries the234
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additional approximation lnNga|S ≈ lnNg|S(1 − ϕgi|S), which is accurate to within a few percent at the235

active-grain fractions of the present dataset.236

The expected per-SVE maximum grows linearly in ln
(
Ng|S(1 − ϕgi|S)

)
, that is, in the logarithm of the237

number of active grains rather than of all grains, at a rate set by the active-component Gumbel scale238

βga|S . This is consistent with the linear-in-lnNg|S length-scale scaling reported in earlier work on the same239

ensemble [21].240

Two limiting cases are worth noting. When ϕgi|S → 0 all grains are active, the inactive Dirac component241

vanishes, and Equation (9) reduces to the pure-Gumbel form with Ng|S(1 − ϕgi|S) = Ng|S . Replacing242

the within-SVE Gumbel component by a Gaussian on the full {Mg}g∈S population yields the Gaussian-243

parent extreme-value formula [39, 71], in which the leading-order extreme-location increment scales with244

σg|S
√

2 lnNg|S together with an additive Gaussian-maximum correction. Neither case applies to the present245

dataset, where the active-grain fraction 1−ϕgi|S lies between 0.15 and 0.21 across the four cases and where246

the within-SVE population is not well approximated by a single Gaussian. The mixture form is therefore247

adopted as the operative bridge in the remainder of this work.248

Equations (5)–(9) define the closed-form bridge used in this work: Given the within-SVE active-component249

Gumbel parameters (αga|S , βga|S), the active-grain fraction 1−ϕgi|S , and the grain count Ng|S , the bridge re-250

turns a Gumbel-mean estimate of MS . It is the analytical counterpart of the dedicated graph-level maximum251

head M̂S examined in Section 4.2. The bridge assumes an effective sample of Ng|S(1 − ϕgi|S) independent252

draws from the active-grain Gumbel parent. Spatial correlation among neighboring grains and SVE-level253

mechanical constraints can reduce the effective sample size below this nominal value. Figure 5 summarizes254

the three-step recipe: applied to the held-out true per-grain peaks it gives the empirical-moment bridge255

EVTBt, and applied to the per-grain head’s predictions it gives the predicted-moment bridge EVTBp. The256

empirical sufficiency of the working model is tested directly in Section 4.2.257

2.6. Cross-criterion and cross-regime correlation structure258

The four FIP cases (HCF/FS, HCF/WP, LCF/FS, LCF/WP) share the same microstructure ensemble259

and differ only in the post-processing rule that maps the resolved cyclic-plasticity fields to voxel-level FIP260

values. The cross-case correlation of the voxel-level fields is therefore a data property, not a surrogate261

property, and it provides useful context for the symmetric multi-task structure used in the results section.262

Figure 6 reports the Spearman rank correlation of the voxel-level FIPs across the four cases, pooled over all263

voxels in the dataset. Three features are visible.264

First, the FS and WP indicators rank voxels almost identically in the HCF regime (ρS = 0.97) but265

are only weakly correlated in the LCF regime (ρS = 0.07). At low macroscopic strain, plastic activity is266

sparse and the slip-system shear-strain amplitude that drives FIPFS is closely aligned with the plastic-work267

accumulation that drives FIPWP, so the two indicators induce nearly the same voxel-level ordering. At high268
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Step 1. Active-grain subset (Eq. (5)): retain grains with

Mg > µg|S + σg|S to form A(S); the active fraction is

ϕga|S = 1− ϕgi|S .

Step 2. Method of moments on A(S) (Eq. (6)): βga|S =

σga|S
√
6/π, αga|S = µga|S − γE βga|S .

Step 3. Gumbel max-stability (Eq. (9)): effective count

Nga|S = Ng|S ϕga|S ; E[MS ] = αga|S + βga|S
(
lnNga|S + γE

)
.

held-out true peaks

{Mg}g∈S

per-grain head predictions

{M̂g}g∈S

empirical-moment
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Figure 5: Closed-form extreme-value bridge from per-grain peaks to the per-SVE maximum MS . One three-step recipe (active-

grain subset, method of moments, Gumbel max-stability) is applied to two inputs: true peaks {Mg} give the empirical-moment

bridge EVTBt, and predicted peaks {M̂g} the predicted-moment bridge EVTBp.
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Figure 6: Pooled voxel-level Spearman rank correlation between the four FIP cases. FS and WP are nearly identical under

HCF (ρS = 0.97) but decoupled under LCF (ρS = 0.07); FS is partially regime-transferable (ρS = 0.68 between HCF/FS and

LCF/FS); LCF/WP correlates weakly with the other three.
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macroscopic strain, multiple slip systems activate within a voxel, and the maximum over slip systems used in269

FIPFS decouples from the slip-summed plastic energy entering FIPWP. Second, the FS criterion is partially270

transferable across loading regimes: FIPFS ranks voxels with ρS ≈ 0.68 between HCF and LCF, indicating271

that the critical-plane proxy retains some common ordering of slip localization across strain amplitudes.272

Third, the LCF/WP case correlates only weakly with the other three cases (off-diagonal ρS ≤ 0.11), so the273

voxel-level information shared by the other cases is largely absent in LCF/WP.274

This correlation structure is used to interpret the surrogate results; it is not a model input. In particular,275

the weak cross-case correlation of LCF/WP supports the view that the present grain-level descriptors do not276

resolve the dominant localization structure of that case; this point is revisited in Section 4.1. The reported277

correlations are pooled and voxel-level. Per-grain peak and per-SVE maximum correlations inherit the same278

qualitative structure but are more sensitive to finite-sample effects in the upper tail.279

3. Surrogate architecture and training280

3.1. Graph construction281

Figure 7: Graph construction for one LSVE = 250µm SVE (Ng|S = 233 grains, 1684 undirected edges): (a) grain centroids

treated as graph nodes, and (b) the same centroids with neighbor edges drawn between voxel-adjacent grains, including periodic-

face neighbors (not shown in the figure).

Each SVE is converted to an undirected grain-adjacency graph G = (V, E), where each node in the vertex282

set, g ∈ V, represents one grain and carries the input feature vector xg described in Section 3.2. An edge in283

the edge set, (g, g′) ∈ E , is placed between two grains when at least one pair of voxels across the ⟨100⟩ voxel284

grid shares a grain–grain interface. Periodic boundary conditions on the SVE are inherited by the graph,285

so grains touching opposite faces of the periodic cube are connected when they are periodic neighbors. The286

GraphSAGE encoder of Section 3.4 consumes the graph adjacency and node features only; edge attributes287

are not used in the selected configuration. Figure 7 illustrates the construction for one LSVE = 250µm SVE.288
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Figure 8: Graph-level statistics across the dataset: (a) grain count Ng|S per SVE versus edge length LSVE, exhibiting the

expected cubic scaling; (b) per-SVE average node degree, approximately size-invariant near k̄ ≈ 14.4; and (c) pooled per-grain

node-degree histogram, with a mode near 14 neighbors and a long tail to about 30.

Two properties of the graph ensemble matter for generalization across SVE sizes (Figure 8). First, the289

grain count Ng|S scales approximately as L3
SVE (Figure 8a), so the receptive field of a fixed-depth message-290

passing encoder spans a decreasing fraction of the full graph as SVE size increases. Second, the local291

connectivity is approximately size-invariant: the per-SVE mean node degree clusters near k̄ ≈ 14.4 across292

the five size buckets (Figure 8b), with a slightly lower k̄ for the smallest SVE size, which has a relatively293

higher population of grains near the SVE boundaries. Moreover the pooled per-grain degree distribution294

spans roughly 5 to 30 neighbors with a mode near 14 (Figure 8c). The empirical graph diameter increases295

from a median of 2 hops on the smallest SVEs (LSVE = 125µm, Ng|S ≈ 30, range 2–4) to a median of 9296

hops on the largest SVEs (LSVE = 500µm, Ng|S ≈ 1880, range 9–10). A three-layer encoder can therefore297

propagate information across nearly the full smallest SVEs, but only across a local neighborhood on the298

largest SVEs. Global size information is therefore introduced through graph-level pooling and explicit size299

conditioning, rather than through message passing across the entire largest graph.300

3.2. Node and graph features301

Each grain node carries a 32-dimensional input feature vector xg assembled from four families of mi-302

crostructural descriptors that summarize the information available to the surrogate without leaking any303

FIP-derived quantity: crystallography, per-grain morphology, voxel-geometry moments, and graph topol-304

ogy. The full per-grain feature vector is given in Appendix B.305

The crystallographic block (16 scalars) encodes the grain’s orientation using a unit-quaternion repre-306

sentation, augmented by the twelve-dimensional vector of sorted-descending Schmid factors that projects307

the macroscopic loading axis onto each of the twelve octahedral FCC slip systems. The Schmid sub-block308

identifies the slip systems most favorably oriented for shear and is the strongest mechanics-side feature309

used by the trained model for FIPFS in the present dataset (Section 3.5); the per-grain maximum Schmid310

factor S1, defined as the leading entry of the sorted Schmid vector, has an empirical distribution sharply311

peaked between 0.4 and 0.5 (Figure 9a). The per-grain morphology block (9 scalars) encodes grain vol-312

16



Figure 9: Pooled per-grain input-feature distributions: (a) maximum Schmid factor S1 (peaked at 0.4–0.5, as expected for

random-texture FCC); (b) grain volume (log10, approximately log-normal).

ume, surface area, and perimeter together with six 2D-projected inertia descriptors of the grain shape; the313

volume distribution is approximately log-normal across the dataset (Figure 9b). The voxel-geometry block314

(6 scalars) summarizes the voxel-level boundary geometry of each grain (interior-versus-surface voxel frac-315

tions, distance-to-boundary moments, and grain voxel count); these features arise from voxel-level adjacency316

counts and do not use any cyclic-plasticity field. The topological block (1 scalar) exposes the per-grain node317

degree, that is, the number of voxel-adjacent grain neighbors (Figure 8c). Together these four blocks form318

the 32-dimensional per-grain input vector xg used by the encoder.319

A small number of optional graph-level scalar conditioners are available alongside xg, namely the SVE320

edge length LSVE and its size-bucket index. The SVE size is not available from xg: the per-grain features321

describe a grain and its immediate neighborhood, and a fixed-depth message-passing encoder covers a322

decreasing fraction of the graph as the SVE grows (Section 3.1), while the per-SVE maximum increases323

with the grain count through Equation (9). Earlier ablation studies on this dataset (not shown here for324

brevity) show that exposing LSVE explicitly to the encoder removes a small size-dependent bias in the per-325

SVE maximum prediction and leaves the per-grain prediction quality unchanged, as expected if the missing326

information is at the graph level only. We adopt this conditioning by default. The feature set excludes327

sub-grain descriptors (intra-grain voxel statistics beyond a per-grain summary) and any quantity computed328

from the cyclic-plasticity fields to prevent leakage.329

3.3. Multi-task output heads330

The encoder produces both per-grain and per-graph (per-SVE) outputs. Targets are organized symmet-331

rically across the four FIP cases, with no case privileged at training time, and complemented by mechanical332

auxiliary quantities predicted from the same graph representation.333

The per-grain head predicts four within-grain summaries for each FIP case: the per-grain peak Mg, the334

within-grain arithmetic mean Ag, and the within-grain lognormal parameters µln
g and σln

g from Equation (3).335

Across four FIP cases, this gives 16 supervised per-grain targets. The peak target Mg is trained with a top-336

decile-weighted Huber loss to emphasize the upper tail of the within-grain distribution; the remaining three337

target families use standard mean-squared error on Yeo–Johnson- and z-score-normalized targets. Each338
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per-grain head is wrapped with a learnable linear residual skip connection from the encoder hidden state,339

which provides a small gain in upper-tail accuracy without changing the architecture footprint.340

The per-graph head predicts 14 supervised targets per SVE: the four per-SVE maxima MS = M(Mg | S)341

of Equation (7), the four within-SVE means µg|S = A(Mg | S) of the per-grain peak population {Mg}g∈S342

defined in Section 2.4, and six volume-averaged mechanical auxiliaries. These mechanical auxiliaries are the343

yield strength σy, hardening modulus Hp, plastic-work density Wp at HCF and LCF, and stress amplitude344

σamp at HCF and LCF. The four MS targets are trained as graph-level outputs directly, rather than recovered345

by post-processing the per-grain predictions. The rationale for this direct maximum head is evaluated346

in Section 4.2, where it is compared against the post-hoc maximum and the analytical EVT bridge of347

Equation (9).348

Aleatoric uncertainty is attached only to the Mg and MS channels. Each per-case Mg output is co-349

trained with a heteroscedastic Gaussian NLL variance output, yielding a learned per-grain aleatoric uncer-350

tainty σ̂a,g(xg). Each per-case MS output is co-trained analogously, yielding a learned per-graph aleatoric351

uncertainty σ̂a,S(XG), where XG is the full graph-level input. In the ideal population-risk setting for a352

correctly specified Gaussian NLL and a sufficiently flexible model, these variance heads estimate conditional353

residual variances,2354

σ̂2
a,g(xg) → Var[Mg | xg], σ̂2

a,S(XG) → Var[MS | XG]. (10)

The mechanical auxiliary outputs share the per-graph head architecture but are trained as standard MSE355

regressions without NLL variance outputs; the multi-task layout is therefore symmetric across the four FIP356

cases but asymmetric across FIP statistics and mechanical auxiliaries.357

The full training loss combines the head-specific losses into a single case-symmetric objective:358

L(θ) =
∑
c∈C

[
wm L(c)

m + wM L
(c)
M + wa

∑
s∈S

L(c)
s

]
+ waux

∑
q∈Q

Lq, (11)

where C indexes the four FIP cases, S = {Ag, µ
ln
g , σln

g , µg|S} enumerates the distributional auxiliary targets,359

and Q enumerates the six volume-averaged mechanical auxiliaries (σy, Hp, Wp and σamp at HCF and LCF).360

The per-grain peak loss L
(c)
m is the sum of a top-decile-weighted Huber loss on Mg (the top 10% of the361

target up-weighted by 50 times relative to the bulk) and a heteroscedastic Gaussian NLL on (Mg, σ̂a,g).362

The per-SVE maximum loss L
(c)
M is the sum of a Huber loss on MS and a heteroscedastic Gaussian NLL363

on (MS , σ̂a,S). The four remaining per-case losses L
(c)
s , s ∈ S, are those of the distributional targets: the364

within-grain mean Ag, the within-grain lognormal parameters µln
g and σln

g , and the within-SVE mean µg|S of365

the per-grain peaks. Each of these, and each mechanical auxiliary loss Lq, is a standard mean-squared error366

on a Yeo–Johnson- and z-score-normalized target, with predictions inverted to raw FIP or mechanical units367

2The present finite-sample multi-task setting departs from this idealization, so we interpret σ̂a,g and σ̂a,S as aleatoric

uncertainties and assess their reliability through held-out interval coverage in Section 4.3.
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at evaluation. The four loss-weight constants {wm, wM , wa, waux} are fixed at unity, so the tail emphasis368

enters through the top-decile Huber term rather than the task weights. The encoder-and-head architecture369

and data flow are summarized in Figure 10.370

Per-grain input

xg (32-d)

GraphSAGE encoder

3 MP layers,

hidden dimension 256, ELU

Per-grain head

Graph max pool Per-graph head

16 per-grain targets:

Mg , Ag , µln
g , σln

g

per FIP case

14 per-graph targets:

MS , µg|S per case

+6 mech. auxiliaries

Figure 10: Hierarchy-aware multi-task architecture. Per-grain features xg enter a shared 3-layer GraphSAGE encoder; per-

grain states feed the per-grain head, while graph-level max pooling feeds the per-graph head. Outputs: the 16 within-grain

summaries (per-grain) and, per graph, the four MS , four µg|S , and six mechanical auxiliaries.

3.4. Training and hyper-parameter selection371

The encoder is a stack of GraphSAGE convolutions [56] terminated by graph-level max pooling. The372

message-passing layers produce per-grain hidden states that feed the per-grain head directly, while max373

pooling aggregates the same hidden states into a graph-level embedding for the per-graph head. The374

architecture and regularization hyper-parameters (hidden dimension, number of message-passing layers,375

per-grain and per-graph head widths, dropout rate, activation function, graph-attribute conditioning mode,376

and learning rate) were selected by a multi-objective NSGA-II search; graph pooling, batch size, weight377

decay, and the loss recipe were held fixed. The two search objectives are the per-grain tail R2 and a proper378

scoring rule on the predictive distribution, subject to five admissibility floors (on per-grain peak accuracy,379

top-1 hit rate, interval coverage, mechanical-auxiliary R2, and σ-residual rank correlation). The selected380

configuration uses hidden dimension 256, three message-passing layers, ELU activation, dropout rate of381

0.10, and graph-level max pooling. Full hyper-parameter optimization (HPO) details, including the search382

space, NSGA-II algorithm, convergence behavior, configuration JSON path, dataset hash, and per-claim383

seed protocol are reported in Appendix C.384

The total training loss is the case-symmetric multi-task objective of Equation (11). Targets are Yeo–385

Johnson- and z-score-normalized inside the loss and inverted to raw FIP or mechanical units only at eval-386

uation. Early stopping uses the validation R2 of the per-grain peak prediction. Multi-seed training uses387

ten independent split seeds with a fixed initialization seed, producing ten replicates of the selected con-388

figuration for the results in Section 4. The GraphSAGE backbone was the HPO-selected operating point389

for the joint per-grain and per-graph objective; it naturally accommodates irregular grain counts and en-390
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codes microstructural anisotropy through the input features (i.e., LSVE, the Schmid block, and quaternion391

orientation) rather than through the message-passing operator. Architecture variants beyond this selected392

GraphSAGE family, including attention-based and equivariant alternatives, were not benchmarked here; the393

selected configuration is therefore held fixed across the four FIP cases.3394

3.5. Model interpretation: permutation importance and ablation395

Once trained, the model is analyzed to identify which input features it relies on. We use feature-396

block permutation importance: at evaluation time, a feature or feature block in xg is permuted across397

grains within the held-out test SVEs, and the resulting drop in per-grain peak R2 is recorded. The ∆R2
398

of a feature relative to the unpermuted baseline measures how much of the trained model’s prediction399

quality depends on that feature. A feature that the model ignores produces a ∆R2 near zero, whereas a400

feature on which the model strongly relies produces a large ∆R2. The procedure is run on the selected401

configuration of Section 3.4 and averaged across multi-seed replicates to suppress seed-level noise. We402

complement permutation importance with leave-one-block ablation, in which the encoder is retrained from403

scratch with one mechanics block removed from xg; both diagnostics give consistent block rankings, and we404

display the permutation-importance result here.405

The result is summarized in Figure 11. The twelve-dimensional slip-system Schmid block, which projects406

the macroscopic loading axis onto each of the twelve octahedral slip systems, has by far the largest effect.407

Permuting this block produces ∆R2 = 1.50 ± 0.02 relative to an unpermuted per-grain baseline of R2 =408

0.504 ± 0.005 (mean ± standard deviation over the ten split seeds), driving the per-grain peak R2 below409

zero. The permuted-model value is 0.504− 1.50 ≈ −1.0: with the Schmid factors scrambled, the surrogate410

predicts grain-peak magnitude worse than the marginal mean of the target. The per-grain morphology and411

topology blocks each contribute at most ∆R2 ≈ 0.011 (grain volume, surface area, and node degree are the412

largest of these), and the orientation quaternion and voxel-geometry moments are effectively unused by the413

selected model.414

This ranking is consistent across multi-seed replicates and across the HCF and LCF cases. It bears on415

two results reported later. First, the weak LCF/WP performance in Section 4.1 occurs in a case whose416

dominant predictable signal is still the slip-system Schmid block, while the additional microstructural in-417

formation needed for low-cycle plastic-work localization is not resolved by the present descriptors. Second,418

3An edge-attribute ablation matched to the selected configuration, identical except for the message-passing operator and

seven standardized grain-boundary edge features (misorientation angle, edge length, the three relative-position components, the

slip-transfer factor m′, and the elastic mismatch), replaced the GraphSAGE backbone with a PNA backbone. At the matched

split seed it left the high-cycle per-grain R2 essentially unchanged (HCF/FS 0.949 versus 0.949 for GraphSAGE) and changed

the low-cycle per-grain R2 only marginally, while lowering the per-SVE R2 on all four cases (HCF/FS 0.544 versus 0.658). The

added edge physics therefore did not improve the per-SVE target, and the simpler GraphSAGE backbone was retained.
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Figure 11: Per-feature permutation importance for per-grain peak prediction (held-out test split, selected configuration, aver-

aged over ten replicates), grouped by mechanics block, with the mean ∆R2 printed beside each bar. The twelve-dimensional

Schmid block carries ∆R2 = 1.50± 0.02 (baseline R2 = 0.504± 0.005); the remaining blocks contribute ∆R2 ≤ 0.011 and are

not resolvable on the common axis scale.
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the predicted-moment extreme-value bridge of Section 4.2 stays accurate on the high-cycle cases, where the419

model relies most strongly on the well-resolved slip-system block, and degrades on the low-cycle cases where420

that signal weakens.421

4. Results and discussion422

4.1. Grain level predictions and learnability across cases423

The four FIP cases are predicted in parallel by the multi-task encoder of Section 3.4. We first examine424

whether the surrogate recovers the distributional quantities that support the hierarchy of Sections 2.3–425

2.5, and which cases are learnable from the present grain-level descriptors, before turning to the per-SVE426

maximum MS .427

Figure 12: Within-grain log-shape parity for the HCF cases, one column per case: hexbin density of predicted versus true

µln
g (top row) and σln

g (bottom row) over the held-out test grains, with R2 and normalized RMSE annotated per panel. The

multi-task encoder recovers the within-grain log-mean µln
g at R2 = +0.97 for HCF/WP and +0.87 for HCF/FS (top row), and

the within-grain log-scale σln
g at R2 = +0.73 for both HCF cases (bottom row).

The per-grain head predicts the within-grain lognormal parameters µln
g and σln

g of Equation (3), while428

the per-graph head predicts the within-SVE mean µg|S of the per-grain peak population {Mg}g∈S , that is,429

µg|S = A(Mg | S). The within-SVE scale σg|S is not a separate supervised output; it is recovered post-430

hoc as the empirical standard deviation of the predicted per-grain peaks {M̂g}g∈S . Figure 12 reports the431

within-grain log-shape parity on the HCF cases, where distributional recovery is strongest. The log-location432

is recovered with R2 = +0.97 on HCF/WP and R2 = +0.87 on HCF/FS, and the log-scale with R2 = +0.73433
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for both HCF cases. The corresponding LCF results are weaker, and are not shown for brevity. Their weaker434

performance follows the same case ordering as the per-grain peak prediction of Figure 14.435
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Figure 13: Predicted versus true within-grain voxel-FIP density for three representative grains per case (low, median, and high

quantile by per-grain peak Mg). Solid lines: true within-grain density; dashed lines: surrogate-predicted density obtained by

inverting (µ̂ln
g , σ̂ln

g ) to a lognormal density.

Figure 13 shows directly what the log-shape predictions result in. For representative grains selected at436

low, median, and high quantiles of the per-grain peak Mg, the predicted lognormal density is reconstructed437

from (µ̂ln
g , σ̂ln

g ) and compared with the empirical within-grain voxel-FIP density. The within-grain distri-438

butions of FIP values are closely reproduced for the HCF cases. The LCF cases show larger deviations,439

including a modest mode shift toward lower predicted values on the highest-peak LCF/WP grains, consis-440

tent with the weak cross-case correlation of LCF/WP reported in Section 2.6 and with its per-grain peak441

result in Figure 14.442

Figure 14 reports the per-grain peak parity on the held-out test split for the selected configuration:443

hexbin density of predicted Mg versus true Mg, one panel per case, with the R2 of the displayed replicate444

annotated per panel. The replicate is one of the nrep = 10 independent test-split seeds; the multi-seed values445

below are averages over all ten. The HCF cases are highly learnable at the grain level, with multi-seed R2
446

= +0.95 ± 0.00 on both HCF/FS and HCF/WP across the full grain population. The LCF/FS case is447

moderately learnable (R2 = +0.50 ± 0.01), whereas the LCF/WP case is not learnable from the present448

descriptors (R2 = −0.47± 0.02), worse than predicting the marginal mean.449

The case-by-case ranking is consistent with the data-side correlation structure of Section 2.6. The two450
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Figure 14: Per-grain peak FIP parity on the held-out test split, one panel per case. Hexbin density of predicted Mg versus

true Mg , with the per-case (selected)R2 annotated.

HCF cases have nearly identical voxel-level rank ordering (ρS = 0.97), and the per-grain ranking they induce451

is dominated by the same slip-system Schmid signal identified by the permutation-importance analysis of452

Section 3.5. Both HCF cases therefore reach large R2. The LCF/FS case shares partial transferability with453

HCF/FS through the same critical-plane criterion (ρS = 0.68), but loses correlation with the WP-based454

cases, placing its per-grain R2 between the HCF cases and LCF/WP. The LCF/WP case has weak off-455

diagonal voxel-level correlations with all other cases (ρS ≤ 0.11), so the shared structure that supports the456

other three heads is not available to the multi-task encoder for this case.457

The negative LCF/WP R2 reflects a feature-side limitation under the current representation rather than a458

generic training failure. The present descriptors resolve the sparse, Schmid-dominated localization structure459

of the HCF cases and partially resolve LCF/FS, but they do not capture the microstructural information460

controlling plastic-work localization in the LCF/WP case, and this limitation persists across the explored461

GraphSAGE/HPO search space.462

The within-SVE ranking quality of the per-grain head is summarized by top-K recall: The fraction of463

the truly highest K percent of grains within an SVE that the predicted ranking also places in its top K.464

Figure 15 reports the recall curves for K ∈ {1, 5, 10, 20, 50} percent, averaged across test SVEs and multi-465

seed replicates. The HCF cases are well above the chance diagonal, recall = K/100: top-10% recall reaches466

0.77 on HCF/WP and 0.70 on HCF/FS, while top-1% recall reaches 0.34 and 0.30, respectively. The LCF467

cases are weaker but still informative, with top-10% recall of 0.43 on LCF/FS and 0.34 on LCF/WP. The468

per-grain head therefore provides useful within-SVE ranking information, especially on the HCF cases, but469

reliable identification of the single most damaging grain remains difficult. Per-grain R2 characterizes the470

average learnability of grain-level hot spots, but it is not sufficient to assess fatigue-critical response: the471
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Figure 15: Within-SVE top-K recall of the per-grain head across the four FIP cases (averaged over test SVEs and replicates):

the fraction of the truly top-K% grains that the predicted ranking also places in its top K. The HCF cases are well above the

chance diagonal; the LCF cases are weaker.

engineering target is the per-SVE maximum MS .472

The limitation matters when the per-grain predictions are used to compute the SVE maximum FIP.473

Taking maxg M̂g to estimate MS fails on all four cases: across the multi-seed grid, the resulting per-SVE R2
474

values are −0.85±0.32 on HCF/FS, −0.47±0.29 on HCF/WP, −2.05±0.94 on LCF/FS, and −1.23±0.48 on475

LCF/WP (as discussed later in Figure 18, red bars). The failure is the expected order-statistic consequence476

of regression-to-the-mean shrinkage: Even when the per-grain head has high population-level R2, it under-477

predicts the far upper tail (as can be seen in Figure 14), so the maximum of the predictions is a biased478

estimator of the maximum of the truth. The per-SVE maximum must therefore be treated as a separate479

statistical target rather than as a post-processing operation on per-grain predictions.480

4.2. Predicting the per-SVE maximum481

This subsection evaluates prediction of the per-SVE maximum MS , the engineering target of the hierar-482

chy. The per-grain predictions of the previous subsection are necessary but not sufficient for this evaluation,483

because MS is not determined by average per-grain accuracy alone. We compare four estimators. The first484

is the dedicated graph head, denoted D, trained directly on MS . The second is the naive post-hoc estimator485

maxg M̂g obtained by taking the maximum over the per-grain predictions. The third is the empirical-486

moment EVT bridge, EVTBt, with subscript t for truth moments, which evaluates the mixture-Gumbel487

mean of Equation (9) on the held-out true within-SVE active-grain moments of {Mg}g∈S . Because EVTBt488

uses held-out true per-grain peaks, which are the quantities the surrogate is trained to predict, it is a di-489

agnostic of the EVT map and not an estimator usable in practice; we report its R2 as an upper bound on490

what the closed-form bridge could achieve if the per-grain distribution were known exactly. The fourth is491

the predicted-moment EVT bridge, EVTBp, which evaluates the same formula using moments estimated492

from the predicted {M̂g}g∈S ; unlike EVTBt, EVTBp uses only predicted quantities and can be applied in493

practice. The dedicated head D tests direct learning of the volume extreme, EVTBt tests the extreme-value494
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map when the lower-level (grain-level) moments of FIP are known, and EVTBp tests whether that map can495

be reached from the per-grain head alone.496

Figure 16: Ordered 90% intervals on the per-SVE maximum from the dedicated graph head, single replicate. Test SVEs are

sorted by truth (nSVE = 47); black points show the truth, blue points show the predicted mean with the symmetric interval.

Empirical 90% coverages for this replicate are annotated per panel.

The dedicated graph head trained directly on MS provides informative per-SVE predictions on all four497

cases. Figure 16 shows the ordered 90% interval representation for one representative replicate: Within498

each case, the nSVE = 47 test SVEs are sorted by the true MS , and the predicted mean is plotted with the499

symmetric interval500

M̂S ± 1.645
√
σ̂2
a + σ̂2

e ,

where σ̂a is the heteroscedastic NLL aleatoric uncertainty from Section 3.3 and σ̂e is the MCD standard501

deviation across K = 30 stochastic forward passes, which is used to quantify the epistemic uncertainty.502

The mean empirical 90% coverages across the ten replicates are 0.86 ± 0.05 on HCF/FS, 0.84 ± 0.09 on503

HCF/WP, 0.83 ± 0.10 on LCF/FS, and 0.88 ± 0.05 on LCF/WP, slightly below the nominal 0.90. The504

multi-seed dedicated-head R2 values are +0.46± 0.10 on HCF/FS, +0.46± 0.18 on HCF/WP, +0.44± 0.27505

on LCF/FS, and +0.49± 0.12 on LCF/WP (Figure 18, blue bars).506

The EVT bridge gives a complementary route to the same target. The empirical-moment bridge EVTBt507

isolates the adequacy of the closed-form mixture-Gumbel map, while the predicted-moment bridge EVTBp508

adds the error induced by predicting the within-SVE moments from the per-grain head. Figure 17 shows the509

four estimators on a single replicate, and Figure 18 summarizes their multi-seed R2 distributions. The two510

variants separate two questions. When EVTBt succeeds but EVTBp fails, the bridge itself is informative511

but the predicted within-SVE moments are not accurate enough to use in practice; when both succeed, the512

bridge can substitute for or complement the dedicated head.513
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Figure 17: Four estimators of the per-SVE maximum MS , one panel per case: the dedicated head M̂D
S , the post-hoc maximum

maxg M̂g , and the mixture-Gumbel bridge evaluated with truth (EVTBt) and predicted (EVTBp) moments. Estimator labels

are those of Table 3.

Used as a reference (since the true distribution of {Mg}g∈S is not known in practice), the empirical-514

moment bridge returns positive multi-seed R2 on every case: +0.60 ± 0.04 on HCF/FS, +0.52 ± 0.12 on515

HCF/WP, +0.84±0.04 on LCF/FS, and +0.88±0.04 on LCF/WP. These values exceed the dedicated head516

on three of four cases and match it on the fourth, which marks the attainable ceiling of the closed-form map517

rather than a practical improvement. The reference bridge attains higher R2 than D in 9 of 10 replicates518

on HCF/FS, and in 10 of 10 replicates on both LCF/FS and LCF/WP, while on HCF/WP it leads in519

7 of 10 replicates and the two estimators are statistically indistinguishable. The corresponding sign-test520

and Wilcoxon p-values are 0.022 and 0.006 on HCF/FS, 0.002 and 0.002 on both LCF cases, and 0.34 on521

HCF/WP.4 The reference bridge is also more stable across replicates on LCF/FS than the dedicated head,522

with σR2(EVTBt) = 0.04 compared with σR2(D) = 0.27, where σR2 denotes the across-replicate standard523

deviation of R2.524

The predicted-moment bridge EVTBp behaves differently on the HCF and LCF cases. On both HCF525

cases, EVTBp returns positive R2 (+0.44 ± 0.11 on HCF/FS, +0.47 ± 0.18 on HCF/WP), and the loss526

relative to the empirical-moment bridge is modest (EVTBp − EVTBt ≈ −0.16 on HCF/FS, −0.05 on527

HCF/WP). On these cases the per-grain head reproduces the within-SVE active-grain moments accurately528

4The ten replicates are re-splits of the same finite SVE pool rather than independent datasets, so these paired-test p-values

do not account for the re-use of data and should be read as indicative rather than as strict significance levels; the HCF/FS

margin in particular is one replicate from non-significance.
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Figure 18: Per-replicate R2 of the four MS estimators across ten multi-seed replicates, one panel per case (bars: mean ± std;

points: individual replicates). Estimator labels are those of Table 3.

enough that the bridge applied to the predicted moments retains positive R2. On both LCF cases, EVTBp529

collapses to strongly negative R2 (−1.24± 0.63 on LCF/FS, −1.00± 0.45 on LCF/WP), and the gap to the530

empirical-moment bridge is large (EVTBp − EVTBt ≈ −2.08 on LCF/FS, −1.88 on LCF/WP). The per-531

grain head’s bulk-level performance on the LCF cases does not translate into accurate within-SVE moments532

of the active-grain subset, and the predicted-moment bridge therefore fails on those cases even though the533

empirical-moment bridge provides accurate results.534

Because MS grows systematically with SVE size, the pooled R2 values above partly reflect this size535

dependence. Recomputing each estimator’s R2 within size buckets, pooling residuals across the ten replicates536

and centering the total sum of squares on the per-bucket mean, isolates the skill that is not explained by537

size. The dedicated head’s within-bucket R2 is approximately zero on all four cases (−0.08 on HCF/FS,538

−0.09 on HCF/WP, −0.06 on LCF/FS, −0.10 on LCF/WP): it captures the size scaling of the extreme539

but does not resolve SVE-to-SVE variation in MS at fixed size. The empirical-moment reference bridge540

instead retains positive within-bucket R2 (+0.19, +0.02, +0.65, +0.74 in the same order), so the within-541

SVE moment structure it consumes carries size-independent information about the extreme that direct542

regression on MS does not recover; the predicted-moment bridge loses this within-bucket skill, consistent543

with its moment-prediction errors. Within-size resolution of MS is therefore available in principle from the544

lower-level statistics but is not yet reachable from the per-grain head alone.545
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These patterns separate the four cases by whether the predicted-moment bridge is usable, rather than by546

a within-SVE working-model failure. On both HCF cases the dedicated head, the empirical-moment bridge,547

and the predicted-moment bridge are all viable; the bridge is slightly higher than the head on HCF/FS and548

indistinguishable from it on HCF/WP. On both LCF cases the empirical-moment bridge has the highest549

R2, but the predicted-moment bridge is not usable in practice, so the dedicated head remains the practical550

estimator until the per-grain prediction quality on the active-grain upper tail is improved.551

Table 2: Qualitative summary across the four FIP cases. Each row records the observed multi-seed pattern, the dominant

interpretation, and the implied intervention. Quantitative errors are reported in Table 3.

case observed pattern dominant interpretation implied intervention

HCF/FS grain head strong;

empirical-moment bridge higher

than the dedicated head in 9 of 10

replicates

empirical-moment bridge is

informative; predicted-moment

bridge stays positive

no targeted correction

HCF/WP grain head strong; dedicated head

and both bridge variants

statistically indistinguishable

balanced reference case; predicted

moments accurate enough to match

the head

no targeted correction

LCF/FS empirical-moment bridge beats

trained head; predicted-moment

bridge collapses

EVT map is informative when

moments are known

improve moment prediction

LCF/WP grain head weak; predicted-moment

bridge collapses

grain-level feature limitation richer per-grain descriptors

Table 2 summarizes the qualitative pattern quantified in Figure 18. Under the mixture working model552

of Section 2.4, the empirical-moment bridge EVTBt returns positive R2 on all four cases. The cases then553

separate by predicted-moment-bridge behavior. On both HCF cases, the predicted-moment bridge EVTBp554

also returns positive R2, because the per-grain head reproduces the active-grain upper tail of {Mg}g∈S closely555

enough that the bridge applied to the predicted moments preserves the cross-SVE ranking. On both LCF556

cases, the predicted-moment bridge collapses to negative R2; the dedicated head D is the practical estimator557

on those cases, with EVTBt providing the structural reference. The empirical-moment reference bridge558

attains higher R2 than the dedicated head on LCF/FS, LCF/WP, and HCF/FS, marking the structural559

ceiling of the map (indicative paired tests at nrep = 10). On HCF/WP neither bridge variant separates from560

the dedicated head across the ten replicates (sign-test p = 0.34 for EVTBt and p = 1.0 for EVTBp against561

D), and only the post-hoc maximum fails. The following subsection quantifies these estimator comparisons562

with R2 and raw error metrics.563

The mixture working model and the bridge method also transfer across alloys. Re-fitting the active-grain564

fraction and re-evaluating the empirical-moment bridge on the publicly available PRISMS-Fatigue dataset565
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for Al 7075-T6 under high-cycle loading [42], the bridge returns a positive pooled R2 under the same per-SVE566

fitting rule, with an alloy-specific active-grain fraction. Only the HCF/FS case is testable, since PRISMS-567

Fatigue does not release FIPWP or LCF data, but this indicates that the closed-form extreme-value map is568

not specific to the austenitic-steel dataset studied here.569

Table 3 reports the same estimator comparison using RMSE, MAE, and MAPE in raw FIP units alongside570

R2. The case-dependent ordering is consistent across the metrics. The empirical-moment bridge gives the571

lowest error on every case as a fit, with the caveat below; the predicted-moment bridge matches the dedicated572

head on the HCF cases and degrades strongly on the LCF cases.573

Table 3: Extended error statistics for the four MS estimators across the four FIP cases under the mixture working model,

multi-seed (nrep = 10) test-set values (mean ± std). RMSE and MAE are in raw FIP units; MAPE is in percent. The best R2

per case is in bold. The same estimator symbols are used in Figures 17 and 18.

Case Estimator R2 RMSE MAE MAPE (%)

HCF/FS M̂D
S (dedicated) +0.46± 0.10 (1.90± 0.23)×10−5 (1.48± 0.17)×10−5 5.8± 0.61

maxg M̂g (post-hoc) −0.85± 0.32 (3.50± 0.21)×10−5 (2.95± 0.24)×10−5 11.0± 0.89

EVTBt (truth moments) +0.60± 0.04 (1.63± 0.13)×10−5 (1.29± 0.13)×10−5 4.9± 0.45

EVTBp (predicted moments) +0.44± 0.11 (1.94± 0.22)×10−5 (1.46± 0.20)×10−5 5.6± 0.74

HCF/WP M̂D
S (dedicated) +0.46± 0.18 (7.57± 0.85)×10−3 (5.96± 0.50)×10−3 6.2± 0.51

maxg M̂g (post-hoc) −0.47± 0.29 0.0126± 0.00073 0.0107± 0.0006 10.4± 0.54

EVTBt (truth moments) +0.52± 0.12 (7.13± 0.86)×10−3 (5.59± 0.56)×10−3 5.6± 0.68

EVTBp (predicted moments) +0.47± 0.18 (7.39± 1.28)×10−3 (5.87± 0.94)×10−3 6.0± 1.05

LCF/FS M̂D
S (dedicated) +0.44± 0.27 (6.62± 0.86)×10−4 (5.16± 0.74)×10−4 4.4± 0.61

maxg M̂g (post-hoc) −2.05± 0.94 (1.57± 0.09)×10−3 (1.36± 0.09)×10−3 11.2± 0.72

EVTBt (truth moments) +0.84± 0.04 (3.66± 0.42)×10−4 (2.67± 0.31)×10−4 2.2± 0.26

EVTBp (predicted moments) −1.24± 0.63 (1.33± 0.21)×10−3 (1.14± 0.19)×10−3 9.4± 1.59

LCF/WP M̂D
S (dedicated) +0.49± 0.12 0.432± 0.067 0.333± 0.045 4.8± 0.62

maxg M̂g (post-hoc) −1.23± 0.48 0.899± 0.041 0.757± 0.045 10.3± 0.56

EVTBt (truth moments) +0.88± 0.04 0.206± 0.025 0.145± 0.018 2.0± 0.24

EVTBp (predicted moments) −1.00± 0.45 0.835± 0.143 0.704± 0.124 9.6± 1.85

4.3. Distribution-aware prediction and interval coverage574

This subsection evaluates whether the predictive scales attached to the peak and maximum channels give575

reliable held-out interval coverage. The surrogate is not only a regressor for Mg and MS ; it is also intended576

to provide uncertainty intervals.577

We assess the heteroscedastic outputs that characterize the aleatoric uncertainty σ̂a,g(xg) and σ̂a,S(XG)578

empirically through coverage curves: For each nominal coverage level P , we compute the fraction P̂cov(P )579

of held-out targets falling inside the corresponding symmetric predictive interval. Figure 19 reports this580

comparison at both hierarchy levels for one representative replicate.581
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Figure 19: Calibration of the combined aleatoric-plus-epistemic predictive intervals,
√

σ̂2
a + σ̂2

e . σ̂a is the aleatoric uncertainty

from heteroscedastic NLL and σ̂e is the epistemic uncertainty from MCD standard deviation. (a) Grain-level coverage P̂cov(P )

for n = 23,303 grains; (b) SVE-level coverage for n = 47 SVEs. Dotted diagonal is perfect calibration.

At the grain level (ngrain = 23,303), the empirical coverage curves remain within approximately 0.05 of582

the diagonal over the nominal range. The HCF cases are slightly conservative, whereas the LCF cases either583

track the diagonal closely or under-cover mildly. At the SVE level, the test count is much smaller (nSVE = 47584

per case), so the apparent case-to-case ordering must be interpreted with finite-sample uncertainty: a single585

empirical coverage estimate has a binomial 95% uncertainty of about ±0.14 at P = 0.5 and about ±0.09586

at P = 0.9. Within that limitation, HCF/FS and LCF/FS are slightly conservative at moderate nominal587

coverage, while LCF/WP under-covers across much of the range. This under-coverage is consistent with the588

LCF/WP feature limitation and suggests that the same missing descriptors that degrade the per-grain head589

may also contribute to under-estimated predictive uncertainty.590

The aleatoric/epistemic decomposition of the per-grain uncertainty is shown in Figure 20. The aleatoric591

term dominates the epistemic term by at least an order of magnitude across all four cases. The per-592

grain epistemic variance fraction σ̂2
e/(σ̂

2
a,g + σ̂2

e) concentrates near zero for the LCF cases, with means593

of approximately 0.01 for LCF/WP and 0.02 for LCF/FS, whereas values for the HCF cases extend to594

several tens of percent, with means of approximately 0.11 and 0.12. This pattern does not mean that595

the LCF predictions are more certain in absolute terms. Together with the negative LCF/WP per-grain596

R2, it indicates that the dominant LCF limitation is data-side under the present feature representation;597

additional training capacity alone is unlikely to close this gap without richer descriptors. On the HCF cases,598

the non-negligible epistemic fraction suggests that multi-seed averaging or additional model capacity may599

still reduce part of the residual uncertainty. At the per-SVE level the epistemic fraction is similarly small600

(≈ 2–3% across cases), so the combined MS intervals of Section 4.2 are likewise dominated by the learned601
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Figure 20: Aleatoric/epistemic variance decomposition of the per-grain predictive variance, pooled across grains and multi-seed

replicates. (a) Variance budget per case on a logarithmic axis, (b) Histograms of per-grain epistemic variance fraction.

aleatoric scale.602

4.4. Mechanical quantities of interest603

The FIP heads test whether the surrogate recovers fatigue-localization statistics. The same CPFEM604

simulations also produce volume-averaged mechanical quantities that summarize the elastoplastic constitu-605

tive response. We use these quantities as auxiliary graph-level targets to test whether the shared encoder606

captures mechanically relevant information beyond the FIP-specific signal. The six auxiliary targets are the607

yield strength σy, hardening modulus Hp, plastic-work density Wp at HCF and LCF, and stress amplitude608

σamp at HCF and LCF. Because these quantities are volume-averaged responses of the same SVEs, they609

provide a macroscopic consistency check on the learned graph representation.610

Figure 21 reports the parity of all six auxiliary outputs on the held-out test split, colored by SVE size611

bucket. The shared encoder recovers each channel with per-channel R2 between +0.77 and +0.89 (mean612

R2 ≈ 0.82), approximately size-invariant across the five size buckets. The inclusion of these six auxiliary613

targets does not degrade FIP-head performance (Sections 4.1 and 4.2). These auxiliary R2 values indicate614

that the shared representation carries microstructural information relevant to the cyclic constitutive response615

in general, not only to the FIP-specific signal.616

5. Conclusion617

This work developed a hierarchy-aware graph surrogate for microstructure-sensitive fatigue localization618

in austenitic stainless steel. The central objective was not only to predict the per-SVE maximum FIP, but619

also to determine whether that extreme can be explained from lower-level statistics of the CPFEM field.620

Three conclusions follow.621

32



Figure 21: Parity of the six volume-averaged mechanical auxiliary outputs on the held-out test split, colored by SVE edge

length LSVE.

First, the multi-task graph surrogate provides a unified representation of the FIP hierarchy across the622

four cases obtained by crossing FIPFS and FIPWP with HCF and LCF loading. The model predicts within-623

grain distribution parameters (µln
g , σln

g ), per-grain peaks (Mg), within-SVE moments of those peaks (µg|S),624

and per-SVE maxima (MS) in a single architecture, while also providing heteroscedastic prediction intervals625

with approximately calibrated held-out coverage at both the grain and SVE levels. The same encoder also626

supports six volume-averaged mechanical auxiliary quantities, which achieve per-channel R2 between +0.77627

and +0.89 (mean ≈ 0.82) on held-out SVEs. The inclusion of these six auxiliary quantities does not degrade628

(or result in no observable trade-off) the prediction performance of the FIP heads.629

Second, the extreme-value bridge is structurally informative when the within-SVE statistics of the active-630

grain population are known. Under the two-component mixture working model, which combines an effec-631

tively inactive Dirac component at zero with an active-grain Gumbel component, the closed-form Gumbel-632

mean bridge achieves multi-seed R2 values between +0.52 and +0.88 (mean ≈ 0.71, nrep = 10) when supplied633

with empirical within-SVE moments. These values exceed the directly trained graph-level maximum head634

on three of the four FIP cases and match it on the fourth (indicative paired tests); a size-controlled analysis635

further shows that the bridge resolves within-size variation in the maximum that the direct head, which636

captures mainly its size scaling, does not. The bridge therefore identifies the attainable ceiling of the closed-637

form map rather than a practical replacement for the head: when the active-grain subset is known, the638

two-component Gumbel working model is a useful finite-SVE approximation to the extreme statistics of the639

per-grain peak population.640
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Third, the comparison between the trained maximum head, the bridge with empirical moments, and the641

bridge with predicted moments separates two different sources of error. The empirical-moment bridge tests642

the adequacy of the extreme-value map, whereas the predicted-moment bridge tests whether the learned per-643

grain description preserves the active-grain upper tail well enough to use that map. The predicted-moment644

bridge remains useful on the two HCF cases, with R2 ≈ +0.45, but fails on the two LCF cases, where it645

gives strongly negative R2 values (−1.24 on LCF/FS and −1.00 on LCF/WP). The failure is therefore not646

in the extreme-value bridge itself, but in the under-prediction of the active-grain upper tail by the present647

per-grain surrogate in the LCF regimes.648

The main limitation is the degradation of the predicted-moment bridge in the LCF cases, where the649

learned per-grain peaks do not preserve the active-grain upper tail. This behavior suggests that the lo-650

calization mechanisms active under LCF loading, especially for the plastic-work indicator, are not fully651

represented by the present pairwise grain-adjacency graph. Future work should therefore explore architec-652

tures that can represent higher-order microstructural interactions and mechanism-dependent neighborhoods,653

such as graph-attention models. These extensions may be particularly useful for cases where fatigue criti-654

cality is controlled by collective slip activity, interface-mediated constraint, or crack-driving measures more655

closely related to plastic work than to a single critical-plane hot spot.656

Appendix A. Within grain goodness of fit657

Within-grain Median Kolmogorov–Smirnov p-values are provided in Table A.1.658

Appendix B. Per-grain input feature inventory659

Table B.1 enumerates the 32 scalar components of the per-grain input vector xg defined in Section 3.2.660

The four blocks are organized by physical origin and apply identically across the four FIP cases; no FIP-661

derived quantity enters xg. The voxel-geometry block is computed from per-grain voxel adjacency counts662

and distance transforms and does not use any cyclic-plasticity field.663

The unit quaternion encodes the grain’s orientation in the fundamental zone. The Schmid block stores664

the twelve octahedral FCC slip-system Schmid factors sorted in descending order. Per-grain morphology665

covers the geometric size, surface, and 2D-projected moment-of-inertia descriptors of the grain shape. The666

voxel-geometry moments summarize the voxel-level boundary structure: the fraction of grain voxels that sit667

on the grain–grain interface versus the interior, distance-transform moments to the nearest boundary voxel,668

the mean number of exposed faces per voxel, and the total voxel count. Topology contributes a single scalar:669

the per-grain node degree, defined as the number of voxel-adjacent grain neighbors.670
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Table A.1: Within-grain shape goodness-of-fit. Median Kolmogorov–Smirnov p-value across the within-grain voxel populations

{fv}v∈g of approximately 20 grains per case-by-bucket combination, by FIP case and SVE size bucket. The largest-p shape per

row is bolded. The median bootstrap p-value for the lognormal working model remains above α = 0.05 in all 20 case-by-bucket

combinations.

case bucket lognormal normal Gumbel Weibull

HCF/FS b0 0.54 0.54 0.45 0.22

HCF/FS b1 0.55 0.38 0.57 0.31

HCF/FS b2 0.70 0.59 0.47 0.27

HCF/FS b3 0.44 0.56 0.38 0.30

HCF/FS b4 0.58 0.51 0.35 0.44

HCF/WP b0 0.49 0.24 0.39 0.15

HCF/WP b1 0.87 0.62 0.53 0.28

HCF/WP b2 0.54 0.48 0.39 0.42

HCF/WP b3 0.66 0.20 0.75 0.24

HCF/WP b4 0.57 0.34 0.57 0.16

LCF/FS b0 0.66 0.77 0.39 0.41

LCF/FS b1 0.60 0.49 0.53 0.21

LCF/FS b2 0.48 0.74 0.39 0.42

LCF/FS b3 0.51 0.67 0.39 0.49

LCF/FS b4 0.60 0.50 0.41 0.24

LCF/WP b0 0.75 0.50 0.55 0.36

LCF/WP b1 0.54 0.62 0.47 0.46

LCF/WP b2 0.59 0.42 0.53 0.25

LCF/WP b3 0.71 0.55 0.53 0.30

LCF/WP b4 0.72 0.78 0.43 0.40
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Table B.1: Per-grain input feature vector xg , total dimension 32. Block widths sum to 16 + 9 + 6 + 1 = 32. Quaternion

components are normalized; Schmid factors are sorted in descending order within each grain so that the leading entry is the

maximum factor S1. The 2D inertia descriptors are computed on the grain’s projected cross-section.

block feature dim.

crystallography (16) unit quaternion q0, q1, q2, q3 4

sorted Schmid factors over 12 FCC slip sys. 12

per-grain morphology (9) grain volume 1

grain surface area 1

grain perimeter 1

2D inertia components Iuu, Ivv, Iuv 3

polar moment of inertia Jpolar 1

principal 2D moments I1, I2 2

voxel-geometry moments (6) surface-voxel fraction 1

interior-voxel fraction 1

mean distance to grain boundary 1

maximum distance to grain boundary 1

mean exposed-face count per voxel 1

total voxel count 1

topology (1) node degree (voxel-adjacent neighbors) 1
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Appendix C. Hyper-parameter optimization671

The selected configuration of Section 3.4 was chosen by a multi-objective NSGA-II search (population672

size 12, 50 trials). Every trial trained the full multi-task model on all four FIP cases; the selection criteria673

were evaluated on the high-cycle cases, where the per-grain signal leaves the most room for improvement.674

Two objectives were maximized: the mean per-grain top-decile tail R2 and the negative mean Gaussian675

continuous ranked probability score (CRPS), a proper scoring rule that jointly rewards predictive coverage676

and sharpness. The search space spanned eight knobs: hidden dimension, number of message-passing layers,677

per-grain and per-graph head widths, dropout rate, activation function, graph-attribute conditioning mode,678

and learning rate (log-uniform in [5× 10−5, 5× 10−4]). Graph pooling (max), batch size, weight decay, and679

the multi-task loss recipe were held fixed rather than searched. Five admissibility floors, evaluated on the680

validation split of the high-cycle cases, pruned degenerate trials: per-grain peak R2 ≥ 0.85, heteroscedastic681

coverage Pcov(z=1.65) ≥ 0.85, mean per-grain top-1 hit rate ≥ 0.10, mean mechanical-auxiliary R2 ≥ 0.50,682

and mean σ-residual Spearman correlation ≥ 0.50; the last two screen out trials with strong point accuracy683

but degenerate uncertainty. The Pareto front and per-trial metrics are committed alongside the code.684

Table C.1 summarizes the selected configuration used for all results. Architecture and training knobs are685

held fixed across the four FIP cases; only the train/validation/test split seed varies across the 10 replicates686

that produce the multi-seed mean and standard-deviation reports of Section 4.687

Table C.1: Selected configuration of the multi-task graph surrogate (n = 10 multi-seed replicates). All replicates share the

same architecture and training knobs; only the random split seed varies.

field value

message-passing operator SAGE (GraphSAGE)

hidden dimension 256

number of message-passing layers 3

graph pooling max

activation ELU

dropout rate 0.10

graph-attr conditioning on (LSVE, size-bucket index)

input feature dimension 32

early-stopping metric per-grain R2 on validation

multi-seed replicates n = 10 split seeds

The four loss-weight constants {wm, wM , wa, waux} of Equation (11) are set to unity, so the per-grain and688

per-graph head blocks enter at equal weight (1:1) and the tail emphasis is carried inside the Huber terms689

rather than by the task weights: in both Lm and LM the top decile (top 10%) of the target is up-weighted690

by a factor of 50 relative to the bulk, and the per-case heteroscedastic NLL terms enter at unit weight.691
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These constants are fixed by the multi-task loss recipe rather than searched in the HPO above (the full692

configuration JSON is committed alongside the code). A sensitivity sweep on the per-grain target weight693

wa shows that it acts as an effective rebalancing knob between bulk and tail per-grain R2 but does not694

affect the mechanical-auxiliary R2, which is controlled by the encoder and head capacity rather than by loss695

weighting.696
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